PROLONGATION OF VECTOR FIELDS TO JET BUNDLES

Ivan Kolaf, Jan Slovak

The main result of the present paper is that all natural operators transforming
every projectable vector field on a fibred manifold Y into a vector field on its r-th
Jet prolongation J”Y are the constant multiples of the flow operator only. We also
deduce a similar result for the natural operators transforming every vector field on a
manifold M into a vector field on any bundle of contact elements over M.

All manifolds and maps are assumed to be infinitely differentiable.

1. Formulation of the result.

We shall need an analogy of natural bundles and natural operators defined on the
category FM,, , of all fibred manifolds with m-dimensional bases and n-dimensional
fibres and their fibred local isomorphisms. Since in this case the general theory differs
only slightly from the well known theory of natural bundles, [7], we will mention briefly
the basic facts. A general setting of the bundle functors on categories over manifolds
including a detailed exposition of the functors on F M., , will appear in [4]. We write
M [y, for the category of m-dimensional manifolds and local diffeomorphisms. For any
fibred manifold Y — M we denote by C'*°(Y) the space of all smooth global sections.
Every fibred isomorphism f: Y — Y extends into a map f*: C®(Y) — C>=(Y).
Given two fibred manifolds Y — M and Y — M over the same base, we denote by
C(Y, Y) the set of all base-preserving morphisms of ¥ into Y.

DEFINITION 1. Let I : FMy, n = M frnyn be the faithful functor forgetting the
fibrations. A bundle functor I' on the category F M, ,, consists of a covariant functor
F i FMpy n = Mf and of anatural transformation p : /' — I satisfying the following
localization condition. If ¢ : U — Y is an inclusion of an open fibred submanifold,
then Fi: FU — FY is an embedding onto py' (U).

Given a bundle functor F': FM,, , = MS, a system of subsets Dy C C°(FY),
(Y - M) € ObFM,, », is said to be natural, if the following conditions hold,

(i) f*Dy = Dy for every isomorphism f: Y — Y

(i1) the restriction of every s € Dy to every open fibred submanifold U C Y belongs
to DU

(iii) the subset D}, = {jls; s € Dy, # € M} is a fibred submanifold of J"(FY —
Y') for every positive integer r.

DEFINITION 2. Let F, G1, G2 : FMy n — MS be bundle functors and D =
{Dy C C®(FY); Y € ObFM,, .} be a natural system. A system of maps Ay :
Dy = CP(GhY,GoY), Y € ObFM,, , is said to be a natural operator A : F —
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(G1, G=) with domain D if for every f € F M, n(Y,Y), 51 € C®(FY), 55 € C®(FY)
the commutativity of the left-hand diagram implies the commutativity of the right-
hand one

FY %y Gy 25 oy
lFf lf lGlf lef
FY 2y GV 252 gLy

and if smoothly parametrized families of sections are transformed into smoothly
parametrized ones.

If functor G5 is a composition G5 = H o Gy, where H is a bundle functor defined
on a suitable category of fibred manifolds, and if the values of operators in question
are sections of the canonical projections pglM: H(Gi1M) — G1 M, then we write
A: F2 — HG1

Proposition 1. For every natural operator F' — (G1,G2) and every s € C*°(FY),
z € G1Y, the value Ay s(z) depends on the germ of s at pgl(z).

Proof. This follows directly from the locality of bundle functors and naturality of the
domain.

By the r-th order distinguished frame bundle of a fibred manifold ¥ € ObFM,, ,
we mean the space of all r-jets of the local fibred manifold isomorphisms from
R™t" — R™ into Y with source 0 € R™*". This is a principal fibre bundle with
structure group Gy, , of all r-jets of the local isomorphisms of R™t" — R™ into
itself with source and target 0 € R™*". By the general theory, [4], the fibre S of
F(R™™ — R™) over 0 € R™*" is a manifold endowed with a canonical action of
G, and every F'Y is the fibre bundle associated with the r-th order distinguished
frame bundle of Y with standard fibre S. Moreover, there 1s a bijective correspon-
dence between all natural transformations between two r-th order bundle functors on
F M n and the set of all G7, ,-equivariant maps between their standard fibres.

Next we restrict our attention to natural operators with domains defined on the
projectable vector fields on fibred manifolds, which form a natural domain. Let G4,
Gy : FMpn = Mf be any bundle functors and 1" be the tangent functor. Consider
a natural operator A transforming the projectable vector fields on Y into the elements
in O (GhY,G2Y). We shall write briefly A : Tpno; — (G1, G2). In particular, we
are interested in the case when the values of Ay are vector fields on GY for a bundle
functor G: F My, , = Mf. Then we write A : T = T'G.

There is a canonical natural operator G: T,o; — T'G, called the flow operator,
defined as follows. For every projectable vector field X on ¥ € ObFM,, , its flow
expt X is formed by local F M, ,-morphisms. Hence we can apply functor G to get a
one parameter family ¢ = G(exptX), which is smooth by regularity of G. The value
G X 1s the vector field on GY corresponding to the flow ¢;. In particular, for the
bundle functor J": FM,, , = MJ of the r-th jet prolongation of fibred manifolds
we have the flow operator J”: Tpro; — T'J". The main part of our paper is devoted
to the proof of the following assertion.



Theorem 1. Every natural operator A : Tpro; — T'J" is a constant multiple of
the flow operator J".

2. Finite order natural operators.

DEFINITION 3. A natural operator A : F — (G, G2) with domain D is said to
be of order r if for every s1, s € Dy and z € (1Y the condition j’“sl(p}G,l(z)) =
jrsz(pgl(z)) implies Ay s1(z) = Ay sa2(z).

Let A : F — (G1,G3) be a natural operator of order » with domain D. Then we
have the so called associated maps

Ay : Dy xy G1Y = GoY
Ay (j7s(p5(2)), 2) = Ay s(z)

which are smooth by the regularity of A, [4]. Conversely, having the associated map
Ay, the value of the operator Ay on a section s € Dy is given by the left-hand side
of the latter formula.

Proposition 2. The maps Ay are determined by the restriction

A= A(Rm+n_>Rm)|Sr x 758" X 7 — Q
where S™ or Z or () are the fibres OfoRern_,Rm) or G1(R™" — R™) or
Go(R™T" — R™) over 0 € R™1" | respectively.
Proof. The Proposition follows immediately from Proposition 1 and the locality of
bundle functors.

Let us denote
k := max{r + order of F',order of Gy, order of Ga}.
Then the group G*,  acts on both S” x Z and @ and, by the definition of naturality,

m,n
the map A : S" x Z — @Q is Gﬁ%n—equivariant. On the other hand, given a Gﬁ%n—
equivariant map A : S x Z — @, there is a unique natural operator A with A being

the restriction of Agm+»_,gm) to the standard fibres, [2], [4]. Hence we have

Proposition 3. There is a bijective correspondence between Gﬁ%n—equivariant maps
A S" x 7 — @Q and natural operators A : ' — (G, G2) with domain D.

If there is a natural transformation 7w : Go — (G over the identical transformation
on FM,, , and if we require that the natural operators we are looking for transform
the elements of Dy into sections of 7y : G2Y — GV, then in the above correspon-
dence we have to add the condition 7y o A = pry : S x 7 — Z, where pry is the
projection onto the second factor and my is the restriction of TRm+n_gm to Q.

3. The finiteness of the order.

Proposition 4. Let G, Gy : F My, ,, — M [ be bundle functors of orders less then
or equal tor+1, » > 0. Then every natural operator A : Tpoj — (G1, G) is of order
less then or equal to r.

The proof is based on a lemma.



Lemma 1. Let p : Y — M be a fibred manifold and &, n be projectable vector
fields on Y. Let y € Y satisfy Tpo&(y) # 0, Tpon # 0. Then there is a locally
defined fibred isomorphism f of Y on a neighbourhood of y transforming locally n
into §. If moreover jy& = jyn, then there exists an isomorphism f with the property
JrHLf = jrtidy
y y ‘

Proof. Let us first assume that in suitable fibred coordinates on Y it holds £(0) # 0
and = %. We are looking for a fibred map f: R™t" — R™1" satisfying

) g fi '
EM@), - @) =sh@) 1<i<n
p(fl n+m _afp
E(f (), f (l‘))—@(l‘) n<p<m+n

But the solution f = (fi,fp) of this system determined by the initial condition
f =id on the hyperplane z' = 0 is a local fibred isomorphism at 0 with the required
properties. Further, let & and 7 be arbitrary. According to our assumptions, we always
can choose local fibred coordinates centred at y with both n'(0) # 0 and £(0) # 0.
By the first part of the proof we can find a local fibred isomorphism transforming %
into 1. Assume j5¢ = jin. Then we have £%(z) = ¢® 4 ¢%(x) with ¢! = 1, all other ¢’s
equal to zero and j;g = 0. Consider the solution of the following system of equations

gp(fl(l’)a~~,fn+m(l‘))Ig%(x) n<p<m+n

determined by the initial condition f = id on the hyperplane z' = 0. We claim that
the k-th order partial derivatives of the above solution f at the origin vanish for all
1 <k <r+41. Indeed, if there is no derivative along the first axis, all the derivatives
of order higher then one vanish according to the initial condition, and all the other
cases follow directly from the equations. By the same argument we find that the first
order partial derivatives of f at the origin coincide with the partial derivatives of the
identity map.

Proof of Proposition 4. If jy& = j;n and &(y) # 0, then there exists an f with f*n =¢&
on a neighbourhood of y and j;"’lf = j;"’lidy. Then Proposition 1 and the naturality
imply for every z € G1Y with pgl (z) =y

Ave€(z) = Ay (f*n)(2) = Gaf o Ayno G1f 1 (2) = Ayn(z).

In the case &£(y) = 0 we take a projectable vector field ¢ on Y with {(y) # 0 and
consider the one-parameter families € + ¢(, n +t{, t € R. For every ¢t # 0 we have
Ay (£ 4+10)(2) = Ay (n + 1) (=) by the first part of the proof. Since A is regular, this

relation holds for ¢ = 0 as well.



4. Proof of Theorem 1.

By Proposition 4 all natural operators A : T,o5 — T J7 are of the order r, so
that we can use the general procedure explained in section 2. First of all we should
describe the action of an‘ljrll on S”. But according to Lemma 1, in every local fibred
coordinates z*, y* on Y, all projectable vector fields with non-zero projections can
be transformed into the vector field %. Since the r-jets of these fields form a dense
subset in the space of the r-jets of projectable vector fields, it suffices to show that
the value of any natural operator A on % 1s a constant multilple of j’“%. That is
why we shall deal with the restriction of A : S™ x Z7 — Q" to the subsets S° x Z”
or Sy x Z", where Z" or Q" is the fibre of J"(R™*" — R™) over 0 € R™*" or the
fibre TJ"(R™+" — R™) over 0 € R™" | respectively, S is the subset of all constant
vector fields and Sy C SY is formed by vector fields with zero components in R”.

Having the canonical coordinates ' and y? on R™+" let X’ Y? be the induced
coordinates on SO, let 3£, 1 < |a| < r, be the induced coordinates on Z” and Q' =
de', QF = dy?, QP = dyf, be the additional coordinates on (”. The restriction

A S x 77 — Q" is given by some functions

Q' = f1(X', Y, y3)

QF = 7 (X', Y, )

Q= fL(X", Y, y3).
Let us denote by g', g”, g% the restrictions of the corresponding f’s to Sy x Z7.
The flows of constant vector fields are formed by translations, so that their r-jet

prolongations are the induced translations of J"(R™*" — R™) identical on all fibres.

Therefore j’“% = % and 1t suffices to prove

(1) ¢ =kX',  g"=0, g=

Let us remark that the coordinate formula for jln 18

0 onP  OnP o’ 0
D 20,49 . 7
T o T (axi t oy Y 3xiy§) o

-0
1, 1
jn_n@xi

provided n = ni(x)% + 7P (x, y)%, and to evaluate J"n, we have to iterate this

formula and to use the canonical inclusion J™(Y — M) — JY(J"=HY — M)), f.
[5].

We shall prove (1) by induction on the order r. We have an inclusion GL(m, R) x
GL(n,R) — an‘ljrll determined by the products of linear isomorphisms of R™ and
R™. Tt is easy to see that the action of GL(m,R) x GL(n,R) on all quantities is
tensorial. Using the equivariancy with respect to the homotheties in GL(n,R), we
obtain f/(X7,Y? yl) = fU(XI, kY? kyl), k € R, k # 0, so that f' depends on
X7 only. Then the equivariancy of f! with respect to GL(m, R) implies f! = kX?,
k € R, cf. [2]. The equivariancy of f? with respect to the homotheties in GL(n, R)
gives kfP (X!, Y9, yi) = f* (Xt kY9, ky;). This kind of homogeneity implies f# =



hZ(Xi)Yq + h]gj(Xi)g/;Z with some smooth functions AL, hgj. Using the homotheties
in GL(m,R), we then obtain hf = const and hgj (X4 = cZgXi. Then Lemma 3 of
[2] yields f» = aY? + byt X' a, b € R. Applying the same procedure to f, we find
F=cf, ceR.

Let G}, denote the group of all invertible r-jets of R™ into R™ with source and
target 0. Consider further the injection G2 < Gfmn determined by the products with
the identities on R™. The action of an element (ag, agr) of the latter subgroup is
given by

(2) v =ayyy
(3) QF =agy! Q" + dQf

and Sy is an invariant subspace. In particular, (3) with al; = §1 gives an equivariancy
condition

eyt = bagty?y;»Xj + eyt

This yields b = 0, so that g? = 0. Further, the subspace S° is invariant with respect
to the inclusion of G,lnm into Gfmn determined by the 2-jets of linear transformations.

The equivariancy of fI' with respect to an element (68,07 af) € Gl means cyf =

VERCH m,n

c(y? + a). Hence ¢ = 0, which completes the proof for r = 1.
For r > 2 it suffices to discuss the g’s only. Using the homotheties in GL(n,R) we
find that gflmis(X],yg), 1 < 18| < 7, is linear in yg. The homotheties in GL(m, R)

and Lemma 3 from [2] then yield

(4) gfl...is = VVzplzs + Csyfl...isis+1...irXis+l X
where VVZPIZS do not depend on yfl,,,ir, s=1,...,r—1, and

(5) gfl"'ir :Cryfl...ir

(6) 9P =bif X 4 b XX

Similarly to the first order case, we have an inclusion GIF1 — an‘ljrll determined by
the products of diffeomorphisms on R” with the identity of R”. One finds easily the
following transformation law

7 — 4P, 9 P Y4 g1 qs
(7) yfl...is = Ag¥;, .., + Fil"'is + Cgyoq. Y5, - - Ui,

where Fp1

© ;. is a polynomial expression linear in ab, with 2 < |of < s — 1 and

independent on yflmis. This implies

P = P4 . D P a1 ds ()9s+1
(8) i1ds T ann~~zs +G21~~zs +aq1~~qsqs+1yn Y0

s

where Gfl"'is is a polynomial expression linear in af, with 2 < |o| < s and linear in
Qg’0§|0[|§8—1



We deduce that every gflmis, 0 < s < r—1, is independent on yfl,,,ir. On the
kernel of the jet projection GI¥t — G7, (8) for r = s gives
_ g dr qr
0= a51~~qrqr+1yi11 - ~3/Z'rgq +
Hence g* = 0. On the kernel of the jet projection G7 — GT=1 (8) withs =1,... ,r—

1, implies
— P q1 dr yis41 iy
O_CSaql,,,qryi1 ...yirX X

i.e. ¢, = 0. By projectability, g' and g2, 0 < |a| < r — 1, correspond to a Grn-
equivariant map Sp x 2”71 — @Q"~!. By the induction hypothesis, ¢¢ = 0 for all
0 < |a] <7 —1. Then on the kernel of the jet projection GT+t — G7=1 (8) gives

— P q1 r
0=crag, ¢ -V

: P _
Le. g . = 0.

5. Prolongation of vector fields to the bundles of contact elements.

In this section we describe a class of the classical natural bundles with the property
that the only natural operators (in the classical sense, [2]) transforming every vector
field on the base manifold into a vector field on the total space of the bundle are the
constant multiples of the flow operator only.

We recall that the bundle 7 M — M of all n-dimensional velocities of order r on
a manifold M is the space JJ(R", M) of all r-jets of R™ into M with source 0 € R".
For n < m, a velocity A € T7 M at x € M is called regular, if its underlying 1-jet
corresponds to a linear map TyR” — T, M of the maximal rank. There 1s a canonical
right action of the jet group G}, on T}? M given by the jet composition. The equivalence
class A o G}, of a regular velocity A € T M is called a contact element of dimension
n and order 7 on M, cf. [1]. The space K} M of all such elements has a canonical
structure of a fibred manifold over M. (The elements of KM can be viewed as
the equivalence classes of n-dimensional submanifolds having r-th order contact at a
common point, [1].) Using the jet composition, we extend every local diffeomorphism
f: M — M into amap K’ f: KIM — K. M. Thus, K is a bundle functor on the
category M f,, of all m-dimensional manifolds and their local diffeomorphisms, or,
which is the same, a classical natural bundle over m-manifolds, [7]. For M = R™ | the
elements of K] R™ transversal to the canonical fibration R™ = R" x R™"™" — R”,
which form an open dense subset in K] R™, coincide with the elements of the r-th
jet prolongation J" (R™ — R") of this fibred manifold.

Denote by K7 the flow operator corresponding to the functor K in the classical
sense, [3]. We remark that for a vector field & = &P ()2 —1—5“(1‘)%, p,g=1,...,n,

oxP
u,v=n+1,...,m the coordinate expression of K¢ is
0 0 ogr  oe gl gl 0
p_Y U v __ YS u v U
¢ QP +¢ dru + (31‘1’ T P B P dxy

u

where T,

are the induced local coordinates on K R™, see [6].



Theorem 2. Every natural operator A: T — TK] is a constant multiple of the flow
operator K .

Proof. Tt suffices to discuss the case M = R”. The above mentioned fibration R™ —

R™ identifies an open dense subset in K R™ with J"(R™ — R"). By definition,

on this open dense subset it holds J"¢ = K& for every projectable vector field &

on R™ — R”™. Since operator A commutes with the action of all diffeomorphisms
3

preserving fibration R™ — R", the restriction of A to 57t is a constant multiple of

K (%) by Theorem 1. But every vector field on R™ can be locally transformed into

[é]

5.7 In a neighbourhood of any non-zero point. This proves Theorem 2.

REFERENCES

[1] EHRESMANN C. ”Les prolongements d’ une variété différentiable. IV. Elé-
ments de contact et éléments d’ enveloppe”, CRAS Paris, 234 (1952), 1028-
1030.

[2] KOLAR I. ”Some natural operators in differential geometry”, Proc. Conf.
Diff. Geom. and its Applications, Brno 1986, Dordrecht 1987, 91-110.

[3] KOLAR 1. ”On the natural operators on vector fields”, Ann. Global Anal.
Geom.,6 (1988), 109-117.

[4] KOLAR 1., MICHOR P. W., SLOVAK J. ”Natural operations in differential
geometry”, to appear.

[6] KRUPKA D.” A geometric theory of ordinary first order variational problems
in fibered manifolds, 1.7, J. Math. Anal. Appl., 49 (1975), 180-206.

[6] MANGIAROTTI L., MODUGNO M. ”New operators on jet spaces”, Annales
Fakulté des Sciences Toulouse, 5 (1983),171-198.

[7] PALAIS R. S., TERNG C. L. ”Natural bundles have finite order”, Topology,
16 (1977), 271-277.

Author’s address:
MATHEMATICAL INSTITUTE OF THE CSAV, BRANCH BRNO, MENDELOVO
NAM. 1, CS-66282 BRNO



