CHAPTER 1

What is differential topology?

The main subject is the study of topological (i.e. global) properties of smooth
manifolds. Typical questions involve:

e Is it possible to embed every smooth manifold in some R¥, k> 07

e What properties of smooth maps are generic? A typical example is transver-
sality, e.g. transversality to 0 is demonstrated by the following two exam-
ples
pictures of ¥*(xz — 3) (not generic) and (x + 1)(x — 1)(x — 3) (generic)
The second function is generic because changing it slightly does not change
the situation. However a perturbation of the first function will either miss
the z-axis or will have two “generic” intersections.

e Classification of manifolds. Already Riemann in the late 19*" century de-
scribed all (closed) surfaces. They are classified by orientability and genus
(“the number of holes”).
picture of a sphere with a handle One can read this information off ho-
mology.

The next step is dimension 3. Poincaré was pursuing this question.
He asked whether Betty numbers (the dimensions of the free parts of ho-
mology - i.e. all that people at that time knew of homology) where enough
to distinguish (compact and oriented) non-diffeomorphic 3-manifolds. He
showed that it is not. In fact even the homology groups do not suffice
(an example supplied by Poincaré): if M is a manifold with a perfect
group ([m1 (M), m1(M)] = m1(M)) then Hy(M) = 0 = Ho(M) by Poincaré
duality and the manifold has the same homology as S® (it is so-called ho-
mology sphere) but is not even homotopy equivalent to it as 71(S3) = 0.
His next question was the following. Is every compact simply connected
3-manifold diffeomorphic to $3? This is known as Poincaré conjecture
and was solved only 100 years later by Perelman.

Remark: one can always find a map M™ — S™ of degree 1. If
m (M) =0 and H,(M) = H,(S™) then this map is a homotopy equiva-
lence.

We have the following diagram relating a 3-manifold M and S®

diffeo = homeo = htpy equiv = hlgy iso

Concerning the reverse implications: the last one is valid for simply
connected M, the middle one is what is the real Poincar’e conjecture.
This is very difficult in dimension 3 (and also 4), easier for dimension
> 5 but still very hard. The reverse of the first implications holds in
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1. WHAT IS DIFFERENTIAL TOPOLOGY?

dimension 3 but is not true in higher dimensions. For example on S7
there are 28 distinct differentiable structures (when one is concerned about
orientations, otherwise 15).

The conclusion should be now that the classification problem is too
difficult.

Another idea of Poincaré (still in the 19" century) was to consider
a much weaker relation on compact manifolds: M is called bordant to
N, denoted M ~ N, if the disjoint union M LU N = 9W is a boundary
of some compact manifold W with boundary. For example S™ ~ () as
S™ = oDt

Classify manifolds up to bordism! We denote the set of bordism
classes of manifolds by 91, and observe that it has a natural structure
of a ring with respect to U and x. In 50’s Thom showed that 9, is iso-
morphic to homotopy groups 7. (MO) of some space (or rather spectrum)
MO. Moreover Thom was able to compute this ring and

N, 27/2]x, | n>2,n#2" —1]

where deg(z,,) = n i.e. x, is represented by a manifold of dimension n. At
the same time Pontryagin identified a similar bordism ring Qf of the so-
called framed manifolds with the stable homotopy groups of spheres, the
main object of study of algebraic topology. The way to prove both these
identifications is the same and is called the Pontryagin-Thom construction.
This will be our first goal in the lecture.



CHAPTER 2

Embedding into Euclidean space

Manifold will always be meant to be smooth, Hausdorff and second countable?.

DEFINITION 2.1. A topological space X is called paracompact if every open
covering of X has a locally finite refinement.

Here V is a refinement of U if VV € V U e U : V C U. A covering U is called
locally finite if every point © € X has a neighbourhood V' which intersects only a
finite number of elements of U, i.e. {U €U | UNV # (0} is finite.

THEOREM 2.2. For a connected Hausdorff locally Euclidean space X the fol-
lowing conditions are equivalent

a) X is second countable
b) X = U?io K; where each K;11 is a compact neighbourhood of K;
¢) X is paracompact

PROOF. “a)=b)”: We need the following

SUBLEMMA. If X is second countable then every open covering has a countable
subcovering,.

PROOF OF THE SUBLEMMA. Let U be a covering and {V;}2, a basis for the
topology. For each V; choose (if possible) U € U such that V' C U and call it U;.
Then the claim is that {U;}72, is a subcovering. nice picture O

Let us continue with the proof of the theorem now. Cover X by open sets
U; with compact closure and we can assume that this collection is countable. We
construct K; inductively starting with Ky = Up. In the inductive step cover K; by
Ujl""ﬂan and form Ki+1 = UiJrl UUZ:l Ujk' ) .
“b)=rc)”: Let U be any covering. For each i let U} ,..., U;W cover K; —int K;_1.
Then

{U;k ﬂ(intKi_H _Ki—l) | 1= 0,,]{; = 1,...,711'}

does the job. nice picture
The reverse implications are similar. O

DEFINITION 2.3. A (smooth) partition of unity subordinate to a covering U of
M is a collection of smooth functions A; : M — R, ¢ € I, such that the following
conditions are satisfied

e supp A; is contained in some set U € U from the covering
e the collection {supp \; | i € I} is locally finite
e > \; = 1 which makes sense thanks to the local finiteness property

1having a countable basis for its topology



4 2. EMBEDDING INTO EUCLIDEAN SPACE

REMARK. If ); is a partition of unity subordinate to V and V is a refinement
of U then )\; is also a partition of unity subordinate to U.

REMARK. Choosing for each \; a definite U € U for which supp \; C U we can
add those \;’s corresponding to a single U to get Ay with supp Ay C U. In this
way we get a partition of unity which is indexed by the covering U itself.

Now we can start proving the following theorem.
THEOREM 2.4. Partitions of unity exist subordinate to any open covering.

If T am not mistaken then p(z) = e~ #Te~ T should be a function which is
positive on (—1,1) and zero elsewhere. Similarly we get a function p(x1) - - - p(@m,) :
R™ — R, positive on (—1,1)™ and zero elsewhere. pictures

LEMMA 2.5. Let K C U C R™ with K compact and U open. Then there
exists a smooth function A : R™ — Ry = [0,00) such that A is positive on K and
supp A C U.

PrOOF. Cover K by a finite number of open cubes V;. Modifying p slightly we
find \; which is positive on V; and zero elsewhere. Then put A = > \;. O

PrOOF OF THEOREM 2.4. Enough to prove for U locally finite and with U €
U = U compact and contained in a coordinate chart. This is so as for any U
we can find a refinement of this form. Also we can assume that U is countable
as any covering possesses a countable subcovering. Therefore let U = {U;};=¢0c.
We construct A;’s inductively. We start with A\g any function which is positive on
Uo — ;2 U; and with supp A\g C Uy. We denote Vj := )\51(0, 00). In the inductive
step we choose a function A; which is positive on U; —Ug;& Vi— U;’ijﬂ U; and with
supp A; C U;. Then we denote V; := /\j_l(O, 00) and the induction step is finished.
Clearly the local finiteness is satisfied as U/ is supposed to be such. By construction

YigoAi > 0on M. To finish the proof we replace \; by Z,%ﬁ a

THEOREM 2.6. Let M be a compact manifold. Then there exists an embedding
of M into RF for some k> 0.

PrOOF. Let ; : U;R™, i =1,...,k, be a covering of M by coordinate charts
(i.e. Ule Ui = M. Let \;; i = 1,...,k be a partition of unity subordinate to
U = {U;}%_,. The claim is that the map

jz()\la)\l-(pl’...,)\k’)\k.@k):M_)R(m_t,_l)k

(with )\; - ; the obvious extension - by zero - of the map with the same name from
U; to M). Clearly j is injective: if x and y are two points with j(z) = j(y) then
certainly there is ¢ such that 0 # \;(z) = A\i(y). Then in \;(2)-p;(z) = X\i(y) - vi(y)
we can divide by this common value to conclude that ¢;(z) = ¢;(y) and then refer
to the injectivity of ;. The proof of injectivity of the tangential map follows the
same idea: let (z,v) € Ty M be such that j.(x,v) = 0. Then all (A;).(z,v) =0 and
therefore

0= (Ai - @i)e(2,0) = Xi(@) - (@) (2, 0) + (Xi)a (2, 0) - i) = Xi(@) - (@i)« (2, 0)
Again one of the A;(z) is nonzero and therefore (p;).(x,v) must be zero. But as ¢;
is an embedding this implies v = 0. ]
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ASIDE. An embedding j : M — N is a diffeomorphism of M with a submani-
fold j(M) C N. Equivalently (HW) j is an injective immersion and a homeomor-
phism onto its image. Therefore for M compact the notions of an embedding and
an injective immersion coincide.

It is possible to decrease k from the theorem to 2m + 1. We need (an easy
version of) Sard’s theorem.

DEFINITION 2.7. A subset S C R™ has measure 0 if for each ¢ > 0, S can be
covered by a sequence C; of cubes with

D Vol(Cy) < &
=0

REMARK. This notion is closed under countable unions.

REMARK. If S has measure 0 then S does not contain any nonempty open
subset.

LEMMA 2.8. Let f: U — R™, U CR™, be a smooth map and S C U a subset
of measure 0. Then f(S) has measure 0.

PRrROOF. Cut U into countably many compact cubes C; On each C; the deriva-
tives of f are bounded, i.e.
Ifl(x)] < K; Vo € Cyu € S™1

nice picture Now we compute

1 1 1
fa+)- 1) =| f;<x+tv>dt]s [ s+l < [ Kifolae = il

In other words the lengths increases at most K;-times, the image of a cube of side
a lies in a cube of side ay/mK;. If SNC; is covered by cubes of total volume & then
F(SNC;) is covered by cubes of total volume ¢ - (v/mK;)™. As f(S) is the union
of the sets f(S N C;) each having measure 0, the proof is finished. O

COROLLARY 2.9. The property of having measure 0 is diffeomorphism invari-
ant. In other words it does not depend on the chart.

Therefore the following definition makes sense.

DEFINITION 2.10. A subset S C M of a smooth manifold M has measure 0 if
it is so in each chart.

THEOREM 2.11 (Sard’s theorem, easy version). Let f : M™ — N™ be a smooth
map with m < n. Then im f has measure 0 in N.2

Proor. This is a local problem and so we can assume

f:R™ - R"
extend f to a map
R® = R™ XRnmeRmL)Rn

and observe that im f = f(R™ x 0) and R™ x 0 has measure 0 in R™. O

2Here it is important that M is second countable. Taking M = N but with discrete topology
and f = id is an example where the theorem would fail otherwise.
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THEOREM 2.12. Any compact smooth manifold M™ can be embedded into
R2m+1‘

REMARK. M being compact is not important (but M second countable is)

REMARK. In fact M can be embedded into R?™ but the proof given here could
not work picture of a trefoil not where the projection as in the proof does not exist.

PROOF. Let M be embedded in some R¥. This is possible by Theorem 2.6.
The strategy is to find a direction (or rather a line £) in which to project to reduce
the dimension k£ by 1.

MO R 2L RE
The problem is to make sure that p o j is still an embedding. This is possible if
k>2m+1:

e po j injective: consider the following map
MxM—-A -2 RPF!
(z,y) — [j(z) —3i(y)]
The injectivity of p o j is equivalent to £ ¢ im g.
e po j immersion: consider the following map
STM - RPF-!
(@,v) — [z, v)]
Then equivalently ¢ ¢ im h.

All together, poj is an embedding iff £ € imgUim h. If £ > 2m+1 then im gUim h
has measure 0 by Theorem 2.11 and thus its complement is nonempty. O

REMARK. The same proof shows that M™ can be immersed into R?™.



CHAPTER 3

Tubular neighbourhoods

Our situation in this chapter is that we have a submanifold M C N and we
want to describe a neighbourhood of M in N in a nice way.

DIGRESSION (about Riemannian metrics).

THEOREM 3.1. Ewvery manifold possesses a Riemannian metric.

PrROOF. The simplest proof would be: embed M into R?*"*! and induce a
metric from there. But we only proved the existence of an embedding for compact
manifolds. We exhibit a different proof: let U; be a covering of M by charts and
A; a subordinate partition of unity. On U; we can choose a Riemannian metric g;
using the chart. Then the required Riemannian metric on M is ), A\;g;. This is
possible because the set of Riemannian metrics in T; M ® T M is convex. O

Every manifold M has a metric (is a metric space). A possible proof refers
to a general statement that every second countable completely regular topological
space is metrizable. We give a geometric proof of this fact for M connected. Let
g be a Riemannian metric on M and define a length of a piecewise smooth curve
v :[0,1] = M by the formula

o) = / a(4(1),3(t))dt

where 4 : [0,1] — T'M denotes the derivative of v (evaluate the tangential mapping
Y« ¢ [0,1] x R — T'M on unit vectors (z,1)).
Now we can define a metric on M by a formula

dg(z,y) = inf{l(vy) | v :[0,1] — M piecewise smooth, v(0) = z,v(1) = y}

To see that the topology induced by d, is correct go local. Then in R™ the metric
dg4 is equivalent to the standard metric which is d. for the standard Riemannian
metric on R™. The equivalence comes from a relation Ke < g < Le (for some
K,L > 0) holding near some fixed point. The same relation then holds for the
induced metrics: Kd. < dy < Ld. and so they induce the same topology.

NoOTE. A geodesic 7 is a solution to a certain second order differential equation
Viy=0
where V is the Levi-Civita connection associated with the Riemannian metric.
For (z,v) € TM denote by
t— o(t,z,v)

7



8 3. TUBULAR NEIGHBOURHOODS

the geodesic starting at x with velocity v, i.e. 4(0) = (z,v). The curve ¢(t,z,v) is
defined fot t in some neighbourhood of 0. Also ¢(t,x,v) only depends on tv, not
on t and v separately

p(t,z,v) = p(1,z,tv) = exp,(tv)
under a notation exp, v = ¢(1,z,v). We get a smooth map
V—" M
N
RxTM

with V' an open neighbourhood of 0 x TM. If C C M is a compact subset then
STM]|c is also compact and there exists € > 0 such that ¢(t,x,v) = exp, tv is
defined for all x € C, v € T, M with |[v| = 1 and [¢| < e. In other words exp, v is
defined for all z € C and v € T, M with |v| < €.

Alltogether exp is defined on a neighbourhood of the zero section M C T M

LN ¥/
N
TM

Consider the map
(m,exp) : U — M x M
(z,v) = (z,exp, v)
We claim that (7, exp) is a diffeomorphism near the zero section. Clearly when
restrcted to the zero section M C T M the map (7, exp) coincides with the diagonal
embedding A : M — M x M. We check what its differential at the zero section

is. First we observe that at a zero section the tangent bundle of any vector bundle
canonically splits

LEMMA 3.2. Let p: E — M be a vector bundle. Then there is a short exvact
sequence of vector bundles over E

0—-p'EF—>TE—pTM —0
which splits canonically at the zero section.

PROOF. First we define the maps in the sequence. We think of the pullback
p*T'M as a subset of E x T'M and write its elements as pairs. Similarly for p*E
but here we must be careful: the first coordinate serves as the point in the base
whereas the second coordinate as the vector. The first map is

(u+ tv)
=0

U, V) > —
(w,v) = -
This map is clearly injective and its image is called the wvertical subbundle of TE.
The second map in the sequence is induced by projection p, : TE — T M to the
base. Clearly this sequence is exact. Restricting to the zero section M C E we
obtain a short exact sequence

0—-FE—TE|y—-TM—0

which splits by the map j, : TM — TFE|j; induced by the inclusion j : M C E. Its
image is called the horizontal subbundle. O
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Now we compute (7, exp). at the zero section. On the vertical subbundle

(71-’ eXp)*((x, 0>7 (0, U)) = ((337 .7;), (07 U))

x,exp, tv)) and on the horizontal subbundle

(ﬂ',exp)*((x, O)’ (U’())) = ((CIL‘, x)v (va))

(which is A, (z,v)). Such vectors clearly span T(, ,)(M x M) and we can conclude
that (7, exp) is an embedding of a neighbourhood of the zero section M C TM
onto a neighbourhood of the diagonal A(M) C M x M by the following lemma.

.. d
(this is @|t:0 (

LEMMA 3.3. Let M C N be a compact submanifold, f : N — P a smooth map.
If f is an injective immersion at M (f|nr injective and (f.)|am injective rather than
(fla)« injective - not sufficient). Then there is a neighbourhood U of N such that
flu is an embedding.

PROOF. Only need that there is a neighbourhood of M on which f is injective
as M has a final system of compact neighbourhoods: if f|y is injective choose an
open neighbourhood U of M for which U is a compact subset of V and then f|g is
a homeomorphism onto its image and thus so is f|y. As we may also assume that
f is an immersion on U, f|y is an embedding.

Therefore assume that there is no neighbourhood of M on which f is injective.
Remembering that NV is a metric space and exhibiting this for an 1/n-neighbourhood
of M we obtain sequences z; and y; of points in N such that f(x;) = f(y:). We
can also assume that both x; and y; converge, say to x and y respectively, both
lying in M. As f|as is injective we must have x = y and as f is an immersion at x
necessarily x; = y; for i big enough. (I

In general we consider now an embedding j : M &—— N. A normal bundle v(j)
of j is the vector bundle TM~, the orthogonal complement of TM inside j*T'N.
This definition depends on the choice of metric but it is possible to give one which
does not: v(j) = j*TN/TM.

REMARK. Let 0 - E — F — F/E — 0 be a short exact sequence of vector
bundles and choose a Riemannian metric on F'. Then we get a diagram

0 E F F/E——0

T

EL

IR

Therefore every short exact sequence of vector bundles (in general over a paracom-
pact topological space) split.

ExaMPLE 3.4. For the diagonal embedding A : M — M x M the normal
bundle is

V(A) = (TM & TM)/TM = TM

Here TM sits in TM & TM diagonally. The orthogonal complement of TM is (if
we impose orthogonality of the two summands T'M)

{(v,=vV) eTM &TM |veTM}=2TM
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EXAMPLE 3.5. Let j : M &——R* be an embedding of M into R* and consider
v(j). For any other embedding j’ : M <——R* and the corresponding v(j") we get
a relation

v(j) @ (R x M) = v(j) & TM @ v(j’) = (R* x M) & v(5')

Such vector bundles v(j), v(j’) are calles stably isomorphic (i.e. they are isomorphic
after adding trivial vector bundles - of possibly different dimensions). We also
associate to v(j) a formal dimension —m, intuitively replacing the defining relation
v(j) ® TM = R¥ x M by v(j) ®TM = 0 and therefore thinking of v(j) as —T'M.

CONSTRUCTION 3.6. Thinking of v(j) as TM*, exp provides a map
exp: D.TM*+ — N

an embedding of a neighbourhood D, T M~ of the zero section of TM~' as a neigh-
bourhood of M. The proof is exactly the same as for A : M — M x M. Note that
this construction depends on the Riemannian metric on N.

DEFINITION 3.7. A tubular neighbourhood of j : M“——— N is a pair (E,¢)
where p : E — M is a smooth vector bundle and ¢ : E — N is an embedding of
E as a neighbourhood of M in such a way that ¢[p; = j (here M means the zero
section).

NoOTE. Here E must be isomorphic to the normal bundle of j:

Ly

E TE|um TN|y —— TM~+
T™M

with p the orthogonal projection. As T'E|); is a direct sum E®TM and pii|ra =
pj« = 0 the composition across the top row must be an isomorphism.

THEOREM 3.8. Fvery compact submanifold M C N has a tubular neighbour-
hood.

PrOOF. Use TM~L =~ D.TML =P, N. 0

In particular a tubular neighbourhood provides a retraction
—1
riuEB) ~—FE XM
a nice picture of the retraction
Now we show an interesting application of tubular neighbourhoods (and in
particular of the above retraction).

3.1. Smoothening maps

Let M and N be compact manifolds and ¢ : ¥(N) — R* a tubular neighbour-
hood of some embedding N R, Our aim is to find for each continuous map
fo : M — N a smooth approximation, i.e. a smooth map f; : M — N with a
homotopy f : I x M — N for which f(0,—) = fo and f(1,—) = f1. In fact we will
find a small homotopy f so that f; will be close to fy but we will make this precise
only later.
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THEOREM 3.9. Approximations exist for every fo : M — N. If fo is already
smooth in a neighbourhood of a closed subset K C M then the homotopy f can be
chosen to be constant on a (possibly smaller) neighbourhood of K (and in particular

f1 = fo near A).

Proor. Find € > 0 such that every Be(z),z € N lies in the tubular neigh-
bourhood of N. Cover M by an open covering U with the following properties:

e UcUU=Ve,yeU:|fo(x)— foly) <e
e U el = either U C M — K or fyly is smooth

Let Ay be a subordinate partition of unity and let gy be smooth maps U — R*
satisfying

e VzeU:|gu(x) - folz)] <e

o if UNK # () then gy = fo

Such a collection exists - it is either dictated by the second condition or, when
U C M — K, one can choose g € U and put gy(xz) = fo(xo) constant. Define
g : I x M — RF by the following formula

glt,x) = (1= O fo(@) +1 3 Ao(@)gu(a)

veu

Easily im g lies in the tubular neighbourhood and one can compose with the retrac-
tion r to obtain the required f(¢,x) = r(g(t, z)). O

3.2. Classification of 1-dimensional manifolds

The classification we present here works equally well for manifolds with bound-
ary. First we define all the needed notions (and slightly more).

In the same way manifolds are modeled on the Euclidean space R™ manifolds
with boundary are modeled on the halfspace

H™ =R_ xR™ ! ={(21,...,2,,) €ER™ | z; <0}

To do differential topology on manifolds with boundary it is important to define
what a smooth map is.

DEFINITION 3.10. A map ¢ : H™ — H" is called smooth is all the partial
derivatives (possibly one-sided) are continuous. This is the standard definition but
for convenience our working definition will be: ¢ is smooth if it can be locally
extended to a smooth map R™ — R™. Again a map is called a diffeomorphism if
it is smooth together with its inverse.

DEFINITION 3.11. A smooth manifold with boundary is a Hausdorff second
countable topological space M with a chosen equivalence class of atlases - a collec-
tion of charts satisfying

e each ¢ : U — H™ is a homeomorphism of an open subset U C M with an
open subset of H™

e the transition maps ¥p~! : H™ — H™ (partially defined) are diffeomor-
phisms

The set OM of all points which in some (and then in any) coordinate chart lie in
OH™ = {0} x R™~! is called the boundary of M.
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DEFINITION 3.12. A tangent bundle 7'M of a manifold with boundary M is
defined in the same way with TH™ = R™ x H™, i.e. we allow all vectors even
those pointing out of the manifold (therefore the kinetic definition of T'M is not
appropriate).

DEFINITION 3.13. A subset M C N of a manifold with boundary N is called a
neat submanifold if there is a covering of M by charts ¢ : U — H" such that

e(MNU)=H"Ne)

Here H™ C H™ consists precisely of all (z1,...,x,) with only first m coordinates

I’IOIIZGI‘O1 .

THEOREM 3.14. Let ¢ : M — N be a smooth map, ON = (), and suppose that
both ¢ and @|oar are submersions near =1 (y) where y € N is some fized point.
Then ~1(y) is a neat submanifold.

Proor. This is a local problem so we can assume that ¢ : H™ — R" and y = 0.
The statement is classical on the interior of M, thus we assume that x € JH™ is

such that ¢(x) = 0. As p|smm is a submersion at x we can choose among s, . . ., T,
an n-tuple of coordinates such that the derivatives of ¢ with respect to them give
an isomorphism. We assume that these are x,,—n41,...,Tn. Writing now

H™ =2 H™ " x R"”
we define a smooth map
W Hm PP e ge o g

where pry : H™ — H™ ™ denotes the projection onto the first (m — n) variables.
Easily d¢(z) is an isomorphism and so by the inverse function theorem v is a
diffeomorphism near x (but note that the inverse function theorem does not imply
that the inverse 1! takes H™ into H™, this follows from our definition of ). In
the chart 1 the subset »~1(0) becomes

Y™ W) ={(21,. ., Tmn,0,...,0) € H"}
O

A serious HW: every compact neat submanifold has a tubular neighbourhood.

From now on we will distinguish between compact manifolds without boundary
- they will be called closed - and compact manifolds with boundary which we will
refer to simply as compact manifolds.

Now we are ready to classify 1-dimensional manifolds.

THEOREM 3.15. FEwvery connected 1-dimensional manifold is diffeomorphic to
exactly one of the following list
[0,1]
[0,00)
R
Sl
(following Goodwillie we do not call ) connected as mo() # *).

1Loosely speaking, a neat submanifold should be perpendicular to the boundary. In particular
OM is not a neat submanifold of M although it is a submanifold (a notion which we do not define).
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PROOF. Let M be a connected 1-dimensional manifold and choose a Riemann-
ian metric on it. Let v € T, M be a unit tangent vector and consider a geodesic
determined by it:

p:J = M
t — exp, tv

Here J is an interval in R but as M could have some boundary, the same could be
true of J. As ¢ is a submersion (V¢ € J : |p(t)] = 1) the image of ¢ is open and
for the same reason it is also closed?. As M is connected ¢ is surjective. Suppose
first that it is also injective. Then ¢ is a diffeomorphism and this gives us the first
three possibilities. Assume now that for some a < b we have p(a) = ¢(b). As ¢(a)
and (b) are two unit vectors in the same 1-dimensional space T,,(,)M necessarily
p(a) = £ (b).
e Y(a) = —p(b): in this case p(a +t) = ¢(b —t) which for t = (b —a)/2
gives a contradiction ¢((a +b)/2) = —p((a + b)/2).
e H(a) = ¢(b): in this case p(a+t) = p(b+1t) and ¢ is periodic with period
(b—a). Then necessarily J = R. Let T be the smallest period of ¢ (which
easily exists). Then ¢ induces a map

¢:S'=2R/TZ — M
which is now injective and therefore a diffeomorphism.
O

REMARK. Surjective submersions are quotients in the category of smooth man-
ifolds. This is because surjective submersions have local sections.

M ﬁP
bu?ggf::;’ﬁ l e a factorization exists
v iff it exists in Set
N
In particular such quotients are diffeomorphic iff they have the same kernel. In the
previous proof this could be used as an explanation why S' 22 M in the last case -

both are quotients of R.

20ne can partition M into images of geodesics, each of which is open.






CHAPTER 4

Sard’s theorem

DEFINITION 4.1. Let f: M — N be a smooth map. A point x € M is called a
critical point of f if f. : Ty M — Tj)N has rank strictly lower than m = dim M.
The set of critical points is called a critical set of f and denoted ;. A point y € N
is called a critical value if it is an image of a critical point, y € f(X). Otherwise
it is called a regular value.

THEOREM 4.2 (Sard). The set of critical values has measure 0 in N.

COROLLARY 4.3 (Brown). The set of regular values of any smooth map f :
M — N is dense in N.

Before giving the proof of Sard’s theorem we show an application.
THEOREM 4.4 (Brouwer). There is no retraction D™ — D™ = S"~ 1.

PrOOF. First we show that there is no smooth retraction. Suppose r : D" —
S7~1is such a retraction. Take a regular value y € S"~! (which exists by Sard’s
theorem). Then r~!(y) is a compact 1-dimensional neat submanifold of D™ and
contains y as a boundary point. There must exist a second boundary point. But
as 7(z) = z for all z € S"~! the only z € S"~! in r~!(y) is y itself, a contradiction.
picture

To reduce to the smooth case we use smooth approximations. Let r : D" —
S"~1 be a continuous retraction. We define a new retraction v/ : D" — S7~!
by pasting together r on the disc of radius 1/2 and the radial projection on the
annulus. picture We apply the relative version of the smoothening and find a
smooth 7 : D™ — §"~! with r" = r’ near S"~1. O

In the course of the proof of Sard’s theorem we need a version of Taylor formula
which is also of interest independently.

LEMMA 4.5. Let f : U — R™ be a smooth function defined on some convex
subset U of R™. Then for any two points x,y € U the following formula holds

) =f@) +-+ (T @)y — )% 4+ + (T )y — 2)*
(all TF f are applied to = except the last one, which is applied to y) where
TFf:U x U — hom ((R™)®*,R")

(z.y) — (TEF))
is also smooth and (T f)(z) = & f*).

PROOF. We construct T% f inductively starting with k = 1:

1
) — f@) = [ + 1y — )]} = < | ity - dt) (v-2)

15
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and we denote (T} f)(y) = fol f'(x+t(y —x)) dt. As a function of x and y this is
a smooth map
T'f:U x U — hom(R™, R")
Iterating this construction we get T¥f = T} --- T} f with
TEf U x U — hom((R™)®* R™)

smooth and a Taylor formula!

f)=f@) +- -+ (TN @)y — )%+ + (T ) (y — )
Comparing the derivatives of the two sides we get TF(f)(z) = 4 f®. O
PROOF OF SARD’S THEOREM. Firstly we can assume that m > n, the remain-

ing cases are taken care of by Theorem 2.11. Also the problem is local so we can
assume

w—L s Rre
N
Rm

We partition the critical set ¥; according to the order of vanishing derivatives
¥y = {z e Xy [df(x) # 0}

Y, = {x €%y df(xz) =0 but there is a nonvanishing}

derivative of order at most m/n at x
Y3 = {z € ¥, | all derivatives of order at most m/n vanish at x}

We need to show that each f(3;) has measure 0. This will be proved in 3 steps.

ITII. f(X¥3) has measure 0: let C C W be a compact cube with side a. It is
enough to show that f(C'NX3) has measure 0. Let z € CN X3 and let y be another
point in C. According to Lemma 4.5 we can write

fy) = f@) + (T )y — 2)®
where [ is the smallest integer greater than m/n. Thinking of T'f as a function
C xC x (R™)! — R"
we get a bound ’(Tif)(y)(vl ®---®vl)’ < K for all z,y € C and v; € S™L.
Therefore
(4.1) [f(y) = f@)| = [(Te )W)y — 2)®'| < Ky — =
Now cover C' by k™ cubes of side a/k, k some positive integer. Then C' N X3 is
covered by at most k™ cubes of side a/k each containing a point from X3. By our
bound (4.1) the image f(C N X3) is covered by cubes of total volume at most
const - k™ - ((a/k)l)n = const - kU=

(at most k™ cubes in R™ of side at most (a/k)!). As k — oo this tends to 0.

This finishes the proof for m =1 as then n = 1 and ¥; = Y3 which is covered
by step III. We proceed further by induction on m, i.e. we prove steps II and I
assuming the whole theorem proved for all smaller m.

YWhat this formula roughly says is that after subtracting from f its Taylor polynomial at =
of order (I — 1) the remainder remains smooth even after “dividing” by (y — z)®L.
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IT. We show that f(X2) has measure 0. Let € ¥p. There is a multiindex I
and numbers ¢, j such that

awffj(m) =0

We will partition X5 according to different I,4,j and denote these Zg’i’j . It is
enough to show that the various parts Zé’i’j have image of measure 0. Near the
point = € Eg’i’j the function

8ZI fj . W — R

is a submersion and therefore X = (9, f;)~'(0) is near = a submanifold of dimen-
sion m — 1. Clearly Eé’” C Xy, (it is important here that we assume that all the
first derivatives are zero!) and consequently

FESY) C F(Sy15)

which has measure 0 by induction hypothesis.
I. We show that f(X;) has measure 0. Let z € ¥; and assume for simplicity
that 0, fi(x) = 0 (otherwise change coordinates). Define a map

g:(ftha'--vxm):W—’Rm

with differential

aamfl 6@:2f1 6a:mf1
0

: E
0
Therefore g is a diffeomorphism on a neighbourhood U of x

U*fﬂR”

glz/ B B
f=tg~'=(@1,f2, s fn)

qgU

Clearly f(UNXy) = f(¥f) (the critical values are diffeomorphism invariant) and
so it is enough to show that f(% 7) has measure 0. Denote the last n—1 coordinates

of f by
hey (T, ... Ty) = (fg,...,fn)(ml,...,xm)

Then we can write Y7 = %R{:El} X Yp, and similarly
1

&) = U {z1} x he, (Si,,)

1 €ER

Fubini theorem gives the following formula with u denoting the measure

W) = [ s (50, ) s = [0 =0

The second equality follows from the induction hypothesis as each h,, is a smooth
map R™~1 — R*»~ 1, (I
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REMARK. The version of Fubini theorem that we need here is rather easy to
prove, first we state it: let C' be a compact subset of R” = R x R*~!. Denote by
R? the subset {t} x R"~1 C R" and similarly C; = C N R?. This version says that
if each C} has measure 0 then so does C.

To prove this let us cover, for each t, C; by a countable family K; of cubes of
total volume €. By compactness there is a small interval I; around ¢ such that the
products I; x K; cover C' N (I; x R*71). The image of C under projection to the
first coordinate is a compact subset and thus lies in a closed interval, say of length
a. This interval is covered by the intervals I; and one can pick from them a finite
subset I, ..., I, of intervals of total length at most 2a. Then the total volume of
cubes we used to cover C'N (I, x R"71) is at most 2ae and by varying e can be
dropped arbitrarily low.



CHAPTER 5

Transversality

DEFINITION 5.1. Let there be given smooth maps as in the diagram

M-t N

The maps f and f’ are said to be transverse if for each x € M, ' € M’ with
y = f(z) = f'(2') the following holds

fe(Te M) + fi(Ta:/M/) =T,N
We denote this fact by f i f'.

picture
We will need a special case when f’ is an embedding j : A——— N of a sub-
manifold.

A
fj
f
M ——N

Then f is said to be transverse to A, denoted f M A, if it is transverse to the
embedding j, i.e. if for each € M with f(z) € A

F(LM) + Ty A =Ty N
The following reformulation will be useful: for z € f~!(A) consider the composition
ToM — Tp@yN — (TN/TA) 2y = v(i) ()

with v(j) the normal bundle of the embedding j. Then f M A iff this map is
surjective for all z € f~1(A).

EXAMPLE. A submersion is transverse to every submanifold.

EXAMPLE. Let A = {y} C N. Then f M A iff f is a submersion near (or at)
f71(y) iff y is a regular value of f.

In the proceeding the following notation will be very useful. A codimension of
an embedding j : A——— N is the difference

codim j = dim N — dim A = the dimension of the fibre of v(j)
of the dimensions.

EXAMPLE. Let f: M — N be any smooth map and j : A——— N. If dim M <
codim j then f M A is equivalent to im f C N — A.

19
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PROPOSITION 5.2. Let f: M — N be smooth and j : A——— N a submanifold
(which is neat in the case ON # () such that f h A and floar h A. Then f~1(A)
is a neat submanifold of the same codimension as A. Moreover the map g in the
following diagram is a fibrewise isomorphism

fratoa v(j') == 1)
T | l
M — N fA f*> A

REMARK. The slogan here is: “transverse pullbacks exist”. More generally
when f M f/ then M x4 M’ is a submanifold of M x M’ and we get a pullback

Mxy M —— M

L* ]

MﬁM

Serious HW: prove this (by reducing to the proposition).
Proor. This is again a local problem and so we can assume

H™ f=(f1,f2)

Rn—d % Rd

with A = R""¢ x {0}. The condition f M A translates to the component f;
being a submersion near f~!(A) and similarly for f|sas M A. Therefore locally
f~Y(A) = £,5(0) is a neat submanifold by Theorem 3.14. O

REMARK. A neat submanifold is a submanifold (which we have not defined)
A C N such that 94 = AN YN and which is transverse to ON.

Sard’s theorem says that most of the points are transverse to a given f: M —
N. We will now generalize this to submanifolds. In fact we will approach this
problem from the other side: we will prove that “most” of the maps f: M — N
are transverse to a given A.

a picture of how this is natural

LEMMA 5.3. Consider the following diagram with f h A and any smooth map
g:P— M.

Y AN

I

P M N
g f

Then g th f~YA if and only if fg h A.
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ProOOF. Clearly for z € P the conditions fg(z) € A and g(z) € f~*A are
equivalent. For such x consider the diagram

V(i) g@) —— (7)) ro(x)

g«
=

T.P
In this diagram g, is surjective iff (fg). is surjective. This completes the proof. O
A serious HW: generalize this to arbitrary j (not necessarily an embedding).

REMARK (A very important remark!). Most of the statements we proved for
compact manifolds work (with the same proof) for general manifolds near any given
compact subset. Two (important!) examples are

e Let C' C M a compact subset of a smooth manifold M. Then there exists
an embedding of some neighbourhood U of C' in some R*, k > 0.
For a proof, instead of covering M by a finite number of charts and pro-
ducing a map, cover C' and write down the same formula. It will be an
embedding of some neighbourhood U.

e Let C C MC#N. Then some neighbourhood U of C has a tubular
neighbourhood, i.e. there is an embedding
viv(Plo = N
extending the embedding j.

o

Here exp is still defined and an embedding near C, i.e. on some D.v(j)|u.
picture

We are now ready to prove our main theorem.

THEOREM 5.4. Let M be a compact smooth manifold and A C N a manifold,
both A and N boundaryless. Then for any fo : M — N there exists a smooth
homotopy f : I x M — N such that f(0,—) = fo and f(1,—) th A. Moreover if fo
is transverse to A near some closed subset K C M then f can be chosen constant
near K.

PROOF. Embed a neighbourhood of fo(M) C N in some R* with a tubular
neighbourhood ¢ : v(N)|y = V CR*. First assume that K = ) and define

F:RFx M — RF
(v,2) = folz) +v
For a small v we land in the tubular neighbourhood V' and can define
G:D.xM-v_ I UCN

This is clearly a submersion and in particular G M A. Assuming this we consider
G~1(A) and a regular value v for its projection to R¥.

G 1(A) CRF x M — R*
We claim that for this regular value

Gv,—): M — N
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is transverse to A. This is proved by examining the following diagram.
G 1A ——A
f 4
{v}x D.“—— D.xM T>N
‘/ ] J/pr
{v} —— D,

Moreover formula (¢,2) — G(tv, x) then defines the required homotopy.

Now we describe what has to be changed when K # (). As was observed it is
enough to alter F' so that it is independent of v near K but still transverse to A.
To do this choose a function A : M — [0,1] for which A~1(0) is a neighbourhood
of K where fq is transverse to A. Then F : (v,z) — fo(x) + A(z)v is the required
alteration: at poits (v, z) with A(z) > 0 it is still a submersion while, if A(z) = 0
then necessarily dA(z) = 0 too and F, (T,RF x T, M) = (fo). (T M). O

REMARK. Again we have a “near a compact subset” version for a compact
subset C' C M of a noncompact manifold M: there is a homotopy g : I x V — N
defined on a neighbourhood V' of C' with ¢(0, —) = fo|v and with g(1,—) M A (and
also relative version with K: then f is constant near K N'V). Now we describe a
variant of this version.

Choose a function p : M — [0, 1] such that p = 1 on a neighbourhood U of C
and with support in V. Now we can define a global homotopy

f:IxM — N
(t,z) — g(p(z)t,z)
This homotopy has the following properties

b f(oa 7) = fO

o (f(1,-)|v) M A

e f is constant near K and outside of a neighbourhood V of C' (which in
fact can be chosen arbitrarily)

Using this version we can prove

THEOREM 5.5. Let E — M be a smooth bundle over a compact manifold M.
Let E' C E be a subbundle (locally a subset of the form F' xU C F x U). For
every section sg : M — E there exists a homotopy of sections s : I x M — E with
s(0,—) = sg and s(1,—) M E’. Again if sq is transverse to E' near some closed
subset K then s can be chosen constant near K.

PRrOOF. Cover M by open subsets Uy, . . ., Uy over which we have trivializations

\/
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identifying E’|y, with F’ x U;. Now observe that a section (f,id) of a trivial bundle
FxU — U is transverse to F’ x U iff f is transverse to F’. In this way we translate
the situation over each U; to one where Theorem 5.4 (or rather the remark following
it) could be applied.

Let A; be a partition of unity subordinate to Uy,...,Uy. According to The-
orem 5.4 there are homotopies of sections s : I x M — E with the following
properties

e s1(0,—) =sp and s7T1(0,—) = s/(1,—) for j > 1
e cach s7(1,—) th E' near supp \;
e s/ is constant near K U Ui<j supp A;
The concatenation of s', ..., s* is the required homotopy. [

Serious HW: show that the relation of being smoothly homotopic (relative K,
i.e. by a homotopy constant near K) is transitive.
An application to vector bundles is the following.

5.1. Classifying vector bundles

We study the set of (linear) monomorphisms R™ — R* by studying its comple-
ment!. Denote by hom, (R™, R¥) the subset of hom(R™, R¥) of maps of rank 7.

LEMMA 5.6. hom,.(R",R¥) is a smooth submanifold of hom(R™, R¥) of codi-
mension (n —r)(k —r).

PROOF. Let ¢y € hom(R",R*) and assume that

_ (Ao By
Yo = CO DO
with the block Ag of size r x r invertible. Then ¢q € hom,(R",R¥) iff Dy =

A B> has A

CoAy !By. Therefore on a neighbourhood of such g every ¢ = ( cC D

invertible and we get a chart
Gl(r) x hom(R"~",R") x hom(R",R¥=") — hom,.(R", R¥)

A B
(A,B,C) — (C CA—lB)

with codimension equal to the size of the D-block. As after after a linear change
of coordinates on R"™ and R* we can assume that the topleft r x r block of any
element of hom,.(R™, R¥) is invertible this finishes the proof. O

We can now reprove the existence of an inverse of a vector bundle, BUT we get
a relative version which will be crucial in our classification.

CONSTRUCTION 5.7. Let E — M be a vector bundle. Then hom(E,RF) is a
vector bundle with fibre hom(E,,R¥) over z. In fact it is canonically isomorphic to
E* & - @® E* (k-times). We will also need its subbundle hom;y;(E, R¥) consisting
of all injective homomorphisms.

More precisely we study connectivity of the set of monomorphisms by studying the codi-
mension of its complement.
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PROPOSITION 5.8. Let E — M be a smooth vector bundle over a compact
manifold M with the dimension of the fibre n. Then every smooth section

51 OM — hom;y; (E,R¥) |5
extends to a section over M provided k > m + n.
Proor. Extend s arbitrarily to a section
§: M — hom(E,RF)

This is possible using partition of unity and the fact that the fibre is convex
(contractible). Now we can homotope § to a section t which is transverse to all
hom,.(E,R*), 0 < r < n. This is done using Theorem 5.5 and an easy fact that
these are subbundles. But as m < (n —r)(k —r) for all such r the transversality is
equivalent to ¢ not meeting hom,.(E, R¥). Therefore

t: M — homi,;(E,R¥)

REMARK. Such a section is equivalent to an inclusion of vector bundles
EC——RFx M

Any complementary subbundle (e.g. E*) gives an inverse of £. We will be inter-
ested in yet another reformulation of a section of homiy;(E, R¥).

The fibre of hominj(E,Rk) is hominj(R”7Rk) = Vi.n, the Stiefel manifold of
n-frames in R* (n-tuples of linearly independent vectors). Now Vj ,, has a natural
transitive action of Gl(n) with the orbit space Gy, n, the Grassmann manifold of all
n-dimensional linear subspaces in R¥. The projection map is identified with

Vk,n — Gk,n
(ela AR en) — Span(ela RS en)
There is a description of Gy, ,, as a homogenous space O(k)/(O(n) x O(k—n)). This
identification is constructed from the obvious transitive action of O(k) on G . By
acting on the standard subspace R™ C R¥ we obtain a map

O(/f) — Gk,n

sending a matrix to the span of its first n columns (which is clearly smooth). It is
easy to identify the stabilizer of R™ as the group of matrices of the form

G )

This is what is understood by O(n) x O(k —n). The above map O(k) — G
therefore factorizes through an immersion

O(k)/(O(n) x O(k = n)) — Gi.n

which is then easily seen to be injective and thus a diffeomorphism. What will be
important for us is that Gy 5, is a closed manifold.
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There is a canonical n-dimensional vector bundle v, ,, over Gy, sometimes also
called tautological?

Yoeon =———={(P,x) | P € G,z € P}

vector J
bundle

Gk,n < Gk,n X Rk —_— Rk

LEMMA 5.9. There is a bijection

{fibrewise isomorphisms E AN Ve } =, {sections of homiyi(F,R¥)}
sending f' to the composition jf' : E — RF thought of as a section of homi,;(E,R¥).
PROOF. Given a section ¢ the corresponding f’ must be

E, > ut——— (imt(z), t(z)(u))

E L>’7k,n - Gk,n x RF

||

M *f> Gk,n
and it is enough to show that im¢ : M — Gy, is smooth. Locally (when E = R"™ x
U — U is trivial) the section ¢ is given by a smooth map U — hom;,;(R", R¥) =V}, ,
and im agrees with the canonical projection Vi, — Gy ». ([

REMARK. More generally for a principal G-bundle P — B and a G-space X
there is a bijection between sections of the associated bundle P xg X — B and
G-equivariant maps P — X. This specializes to the previous lemma by taking
X = Vi after one replaces the vector bundles by the respective principal Gl(n)-
bundles.

If in the diagram

f/
E——n

|

M *f> ka

the homomorphism f’ is a fibrewise isomorphism we call f : M — Gy, a classifying
map for E. This is because in such a situation &/ = f*v; ,, is determined by f.

THEOREM 5.10. Let M be a closed(?) smooth manifold. There is a bijection

{homotopy classes of maps M S, Grnt

ig

{isomorphism classes of vector bundles E — M}

sending f to the pullback bundle f*~yy , provided k > m + n.

2An alternative definition goes as follows. The projection Vi , — Gy 5, is in fact a principal
Gl(n)-bundle and 7 ,, is the associated vector bundle i n = Vi, n Xqi(n) R™.
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PROOF. We will first show that this mapping is well-defined (i.e. fo ~ f1 implies
fevkm = fiven), a fact usualy proved topologically (in much greater generality).
First observe that it is enough to show that for every vector bundle p : E — I x M,
Eltoyxm = Elf1yxm- For then a homotopy f : I x M — Gj,, yields a pullback
bundle f*yg ., — I x M with f*venliyxnr = ff Ven-

T Vemligyxr — [*Yen —— Yon
ISR |
(1 X M s 1M 4G,
fi

Our idea will be to compare the two restrictions by the flow of some vector field.
We start with I x M where we can compare® the two ends via a canonical vector
field

d
Y(t,ﬂj) = & (S,I)
s=t

Let X € T'(TE) be a vector field on E such that

o X|rxm =Y (agrees with Y on the zero section)
e p.X =Y (projects to Y)
It is easy to find such X locally, on R" x J x U with J C I, U C R", we take

d
X(’U,t,x) = di
S

(v, s,2)
s=t

As both conditions are affine we can construct X globally using a partition of unity
and get a flow

FI*X . W ——E
IN
Rx FE

(note that W is not open as E has boundary). Using our second condition on X
pFI¥ (t,0) = FIV (£, p(v)) = (t + p1(v), p2(v))
Therefore restricting to W N (R x Eygyxar) we get
oW —-u-- s F
N
0,1] x Eloyx

now with W’ open. Also W' contains [0, 1] x ({0} x M), therefore a neighbourhood
of the form

[0, 1]x De Elfoyx

In particular restricting to this disc bundle we finally obtain
Y =p(1,=) D Eljoyxnr — Epiyxm

3The comparison is reflected in the fact that the flow of Y (which is FIX (¢, z) = (s + t,z))
produces a diffeomorphism F1}” =id : {0} x M — {1} x M.
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This is a diffeomorphism onto its image (it is defined by a flow, its inverse is given
by following the flow for time —1). Note that v is not necessarily linear but we will
linearize it (by taking a derivative) using its 2 properties

e ({0} x M) = {1} x M (preserves the zero section)

) 658 E,z) = ¥(v) € Eq1 4 (fibrewise over identity)
Taking the derivative at the zero section we get

T(E|{oyxm)l{oyxm Elioyxmu @ TM

l Mg B

T(E|{1yxnm)lqyxm Elgiyxm ® TM

IR

R

with a : Elfoyxar — Elf1yxar the required isomorphism.

Now we continue with proving the bijectivity of the mapping. We saw in
Proposition 5.8 and Lemma 5.9 that it is surjective and thus it is enough to show
that any two classifying maps fo, f1 : M — Gy, for E are homotopic. Consider

(I x E)|a(rxar) Vien

\ -

I xFE

>

|
— 1

Here the map O(I x M) — Gg, is f; on {i} x M. As they are both classifying maps
for E the map (fibrewise isomorphism) on the top exists. According to Lemma 5.9
this determines a section of homiy;(I x E,R¥) over O(I x M) which can be extended
by Proposition 5.8 to a section over I x M which in return provides an extension
fiIxM— Gy [l

6(IXM) ;{Gkn

)






CHAPTER 6

Degree of a map

Let f: M — N be a smooth map between closed oriented manifolds of the
same dimension n. The degree deg(f,y) is defined in the following way:

e pick a regular value y € N of f
e observe that f~!(y) is a discrete compact subset of N, hence finite

f_l(y) = {xlv"ka}

e at each z; the derivative of f is an isomorphism f.s, : T, M — T, N and
define the local degree of f at x; by

1 f.z, preserves orientation
—1  f.z, reverses orientation

deg,, f = {

e define deg(f,y) = Zdegmi f

Observe that changing the orientation of M to the opposite one changes the sign
of deg(f,y), similarly for the orientation of N. Also observe that if M and N are
non-oriented, the degree makes sense mod 2.

To proceed further we need to now how boundary of a manifold inherits an
orientation. Let W be an oriented manifold with boudnary. The orientation of OW
is characterized by the following: at x € OW choose any outward pointing e € T, .
Then a basis (e, ..., ey,) in T, (0W) is positive iff (e, ey, ..., e,) is positive in T, W.
Therefore a boundary of H*+! = R_ x R” with its standard orientation is R with
its standard orientation.

EXAMPLE 6.1. 9(IxM) = ({1} x M)U(—{0} x M) where the minus sign in front
of an oriented manifold denotes the same manifold with the opposite orientation.

LEMMA 6.2. Let f: W™l — N™ be a smooth map between compact oriented
manifolds, ON = (. Let y € N be a reqular value for both f and flaw. Then

deg(f|3W7y) =0.

PROOF. f~!(y) is a compact neat 1-dimensional submanifold, therefore a dis-
joint union of circles (which must lie in the interior) and neatly embedded intervals.
If v : I — W is one of them then 4(0) is outward iff 4(1) is inward. We have the
following picture

I——{y} I xTyN =v(y) — TyN
|

| L7

W ——N I—{y}

29
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We can think of v(v) as a neighbourhood of v in W and, possibly after reversing -,
even with the orientations agreing. Then

A (y)) = ({1} x T,N) U (={0} x Ty N)

As the derivative of f at v in the directions “orthogonal” to v agrees with the
projection I x TyN — T, N (the map of the normal bundles) it is the same (namely
id) on both ends but for opposite orientations of the source. In particular

deg. (o) flow + deg, 1) flow =0

Summing over all such intervals v we obtain the result. (I

LEMMA 6.3. Let fo, f1 : M — N be two smooth homotopic maps (M and N
closed of the same dimension) such thaty € N is a regular value for both of them.

Then deg(fo,y) = deg(f1,y).
PROOF. Start with any homotopy
f:IxM-—N

we can find an approximation f : I x M — N transverse to {y} with f = f near
O(I x M). Thus both f and f|s(;xar) have {y} as a regular value and so

deg(f|8([><M)a y) =0
As O(I x M) = ({1} x M) U (—{0} x M) this means
0 = deg(flarxn), y) = deg(f1,y) — deg(fo,y)
O

THEOREM 6.4. Let f : M — N be a smooth map between closed manifolds of
the same dimension with N connected. If yo, y1 are two reqular values of f then

deg(f, yo) = deg(f,41)
We denote this number by deg f. It only depends on the homotopy class of f.

PROOF. The heart of the proof is (a strong form of ) homogenity of M. Namely,
there exists a smooth homotopy

p:IxM—N
with the following properties (where ¢; = o(t, —)):
e cach ¢; a diffeomorphism (such ¢ is then called a diffeotopy)

e o =1id and ¢1(y1) = Yo
Assuming for now that it exists construct a homotopy

F:IxM — N
(t,z) = o(t, f(2))

Again Fy = f and Fy = o1 f and so yg is a regular value for F|(7xar)-

{1} —— {wo}
7]
M N N
Therefore deg(f,yo) = deg(Fo,yo) = deg(F1,y0) = deg(v1,%0) - deg(f,y1) but
deg(p1,y0) = deg(wo,%0) = 1
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as g = id. The homotopy invariance follows from the previous lemma.

Now we return to the existence of the diffeotopy ¢. First we find such a dif-
feotopy locally, but as we would like to extend it, it should be compactly supported
(i.e. nonconstant only on a compact subset). Let y € R™ and assume for simplicity
that y € D™. Choose a smooth function p : R™ — [0,1] with p = 1 near D™ and
with compact supp p. This function will extend the standard translation on D™
into a compactly supported diffeotopy. Namely take a vector field X : R® — R”
sending x to —p(z) - y. As X is compactly supported the flow

FI*¥ :R x R" —» R"
is globally defined. Now we can take ¢ = F1X l[0,1]xr» as X = —y on D™ implies

©(1,y) = 0. If this was in a chart we can extend ¢ by a constant homotopy to get
a global diffeotopy. Now we consider the following equivalence relation:

z ~ 7' < 3 a smooth diffeotopy from id to a map sending 2’ to z
The local construction ensures that the orbits are open and therefore closed (as the

complement is the union of the other orbits). Thus there is only one orbit. (Il

REMARK. Let M™ be a closed oriented connected smooth manifold. Then the
set of homotopy classes of maps M — S™ is in a bijective correspondence with Z
via the degree map
deg : [M,S"] = Z
We will prove this result in a much greater generality in the next chapter.






CHAPTER 7

Pontryagin-Thom construction

We start with a geometric reformulation of the degree isomorphism
deg : [M,S"] = 7Z

as for different dimensions the simple counting of preimages could not work. Nev-
ertheless in this reformlulation we do assume m = n. The preimage of a regular
point of a map f: M — S™ is a finite subset of M with signs - describing wether
f preserves or reverses orientation at the point in question.

deg

[M, 57 Z
|

{finite subsets of M with signs}/ ~

Having in mind that the horizontal map should be an isomorphism and that we
want in our geometric reformulation to have the vertical map an isomorphism, so
must be the map denoted by € which just add the signs of all the points. This
requirement determines the equivalence relation but we want a more geometric
description.

It is interesting to describe the Pontryagin-Thom construction in this setting. It
plays an essential role in constructing the inverse of the vertical map. Starting with
a finite subset X of M with signs attached to them we choose disjoint coordinate
discs around each of them and then collapse the complement of their interiors to
get the first map in

P-T constr. class. of VB
pp BT [ gn s of VB g
X

The second arrow just maps each copy S™ onto S™ by a map of degree equal to the
sign associated to that point.

Let us now start with the general setting. Let M and N be closed smooth
manifolds. We saw the interply between maps and submanifolds: if f: M — N is
transverse to a submanifold A< N then f~'(A4) C M is again a submanifold.
For homotopies we get

LEMMA 7.1. If fo ~ f1 and both are transverse to A then f; '(A) is cobordant
to frH(A) (in M - to be explained after the proof).

PRrROOF. Let f: I x M — N be a homotopy from fy to fi. If it is not smooth
we can smoothen it rel (I x M) where it already is smooth!. Also we can make

What we need is a homotopy which is smooth near (I x M). Such a homotopy can be
constructed from f by pasting the concatenating the constant homotopy on fo with f and the
constant homotopy on f1. picture
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it transverse to A rel (I x M). Then f~1(A) is a neat submanifold of I x M and
A(f~1(A)) = ({0} x f5 " (A)) U ({1} x f; *(A)) as for neat submanifolds in general
8B = (OW) N B. O

DEFINITION 7.2. Two compact submanifolds By, B; C M, 0By = 0B; =
OM = (), are called cobordant in M if there exists a neat submanifold B C I x M
such that 9B = ({0} x By) U ({1} x By).

QUESTION. Is it possible to find A C N of codimension d in such a way that
the mapping ¢ below is a bijection?

£ homotopy classes of . cobordism classes of submanifolds
" |\maps f: M — N B C M of codimension d

Here start with [f], make it transverse to A and define #([f]) = [f~(4)].
To answer the question we need a construction
DEFINITION 7.3. Let E — M be a vector bundle. Then the Thom space Th(E)
of Fis
Th(E) = DE/SE

the quotient of the associated disc bundle by its boundary, the sphere bundle.
Th(E) is only a topological space (not a manifold) but easily the composition

E~D EC—DE — DE/SE = Th(E)

is a topological embedding and so Th(E) = E U {oo} is a smooth manifold away
from oo. Also if M is compact then Th(F) is the one-point compactification of E.

REMARK. There is an alternative way of defining Th(E). Choosing a metric
on E (which is only important in the smooth case anyway) we can now replace the
typical fibre R? by the one-point compactification (R9)* = S¢ C R? x R where
O(d) acts by O(d) = O(d) x 1 € O(d+ 1). In this way we obtain a sphere bundle
E7T. As the inverse of the stereographic projection R «——— S9 is O(d)-equivariant
it induces an embedding

EC———ET

Now E* has two sections, the zero section and oo : M — E*. We define Th(E) =
Et/oo(M) = EU{oo}. The main property of Th(E), namely that Th(E) — M ~ %
can now be easily verified: as the sphere (R?)7 is symmetric in the R-direction (as
an O(d)-space). Therefore Th(E) — M = E/M and a contraction of this comes
from the homotopy

h:IxFE — FE

(t, (z,v)) — (x,tv)

which easily passes to E/M.
Now we can answer the question: the solution is

N =Th(vka) and A= Gga C V.4, as the zero section
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Now we will explain why this should be a good choice. If we have a map which is
transverse to A and take pullback

f/

1 (A) —— v(j') ——v(j)
j:[ - J - J
M—L N ) L

This means that the normal bundle of any submanifold B C M must be a pullback
of v(j) and the best choice is v(j) = 7,4, the universal bundle. To construct the
inverse of t we need the Pontryagin-Thom construction.

Let j : B&——— M be a submanifold with a tubular neighbourhood

viv())——M
Also denote U = im¢. The Pontryagin-Thom construction is the map
j': M — Th(v(j))
defined by the following

o jlv U ~— v(j) = v(j)/(v(j)— D v(j)) = Dv(j)/Sv(j) = Th(v(j))

e j'|y_y is constant onto oco.
picture This clearly defines a continuous map j' : M — Th(v(j)). In fact j' is
smooth on a neighbourhood of B. As we prefer to think of the Thom space as
Th(v(j)) = v(j) U {oc} we will now alter the definition of j' to

i+ U = v(j) = Th(v(j))
(obtained by replacing v(j) with D v(j) = v(j), the result remains continuous).
An advantage of this point of view is that any fibrewise isomorphism E — E’ of
vector bundles induces a continuous map Th(E) — Th(E’) which is even smooth
away from oo.

ASIDE. One can give a more symmetric description of the map j' by embedding
M into RF. Choosing a tubular neighbourhood of B C R* inside some tubular
neighbourhood of M C RF the Pontryagin-Thom construction for the embedding
B C R factors
RF —— Th(v(M))
I
I 5
4
Th(v(B))
The Poincaré duality can be expressed as Th(v(M)) being dual to M. This con-
struction then describes the dual map to j (in homology this map goes to cohomol-
ogy by the Poincaré duality then continues with the induced map j* in cohomology
and finally returns to homology by Poincaré duality again).

THEOREM 7.4 (Thom). The map

£ homotopy classes of maps . cobordism classes of submanifolds
“\f: M — Th(vk.q) B C M of codimension d

is bijective provided k > n.
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To define ¢ let us call a continuous map f : M — Th(y,q4) transverse to Gy g
if it is smooth near fﬁl(Gk,d) and transverse to G, 4 in this neighbourhood.

LEMMA 7.5. Every f : M — Th(yg,q) is homotopic to a map which is transverse
to G,a (plus a relative version).

PROOF. Make f smooth near f~1(D~y 4) and make sure that no points outside
of f‘l(ﬁ Yk,a) get mapped into Gy, ¢ by the perturbed map. Then make f trans-

[e]
verse to G, q near f~1(Dy 4) and again not mapping points outside of f~(D y.q)
into Gk,d- O

With this lemma in mind we define ¢ from the theorem by choosing a repre-
sentative f of the homotopy class with f M G4 and then taking f~!(G,q4). The
relative version of the lemma then guarantees that this prescription is independent
of the choice of f: if two such are homotopic, we can assume this homotopy to be
transverse to Gy 4 and thus giving the required cobordism.

PROOF. First we prove surjectivity. Let j : B&~— M be a submanifold of
codimension d and considet the Pontryagin-Thom construction

.1 . Th ’
g: M~ Th(v(j)) —LL, Thy)

where the second map comes from classifying v(j):

N
v(J) = Vk.a

l ) l
f
B*)Gk,d

The composition g is transverse to Gy ¢ with g7 (G 4) =
The proof of injectivity is similar in the spirit but more complicated. Let
By = fo_l(Gk,d) ~ fi *(Gr.q) = B1 be cobordant in M. We proceed in few steps:

e First we reduce to the case By = B;. Let j : B&——— IxM be a cobordism,

B = ({0} x By) U ({1} x By)

and let ¢ : v(j)&——1T x M be its tubular neighbourhood. Considering
the Pontryagin-Thom construction for j gives

I x M 2 Th(v(j)) — Th(y.q)

and thus a homotopy go ~ g1 where B; = g, 1(Gk7d) Therefore it is enough
to show g; ~ f;.

e We assume B = fal(Gk,d) = ffl(Gk,d) with both f; M Gy 4. There are
pullback diagrams

"

BHde v(j) —— Yk,d

s

1 1 |

M% B—"— G4
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This implies from the classification theorem that f{j ~ fi. Moreover this
homotopy is covered by a homomorphism of vector bundles

1"

N f
I'xv(j) —— Yha

J ’ l
f/
IxB—1 Gy

Our next goal is to extend this homotopy to M.

The next step is to extend the above homotopy to a tubular neighbourhood
of I x B. The main tool will be a linearization of maps between vector
bundles. First we explain what happens in the case of a single vector
space. Let f : R? — R? be a diffeomorphism preserving 0. We can write

fl@) = f0) + (T f)(x) -«
with T} f : R — hom(bbR%,R?) smooth. The “zoom in” homotopy

h:(t,x) w1/t f(tx) = (Ty f)(tx) - x

It follows from the first description that each h; is a diffeomorphism
whereas from the second description it is obvious that A is smooth and
ho = dh(0). We summarize this in

THEOREM 7.6. Every diffeomorphism R? — R? preserving 0 is ho-
motopic through such maps to its differential at 0.

Serious HW: Show how the last theorem implies Diff(R?, 0) ~ Gl(d)
(this requires understanding the topology on smooth maps).

Now we will proceed with a fibrewise version: let f : R™ x RY —
R™ x R? be a smooth map with the following two properties:

FR™ x0)CR™x0 and fHR™x0
We do the linearization fibrewise:

(t7 (.%‘,U)) = (f1<.’L‘,tU), 1/t : f2<x7tv))

which is again smooth. This prescription makes sense between any vector
bundles and we get

THEOREM 7.7. FEvery smooth map f : E' — E between total spaces
of vector bundles of the same dimension preserving and transverse to the
zero section is homotopic through such maps to the vector bundle homo-
morphism f".

Mo m B =y(j) Lo v(j) = B
"fJ f lJ l

J J

S P

EF —— F M — M

Now we return to the proof of injectivity. Denoting by U some tubular
neighbourhood of B where both f; are smooth the vector bundle homo-
morphism f” from the previous step is a homotopy between linearizations
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fI" of fily. All together on U we have a homotopy, which we denote by
f, as a concatenation of

fo~fo ~fi~ h
provided by the linearizations and the homotopy f”.
e The last step in the proof is to extend the homotopy f to M. Here we will

make use of the contractibility of Th(vyg,q4) — Gk,q. Namely we are given
a map

({0} x M) U (I xU)U ({1} x M) UL SN Th(v(7Vk,q))

which we want to extend to I x M. Replacing U by the subset corre-

sponding to Dv(j) we can cut out the interior D v(j) to obtain
N =1x (M- Dv(j)))

a manifold with corners (to be defined later). Our problem can then be
formulated as extending the map f : ON — Th(ygq) — Grq to N. As
Th(vk,a) — Gk,a is contractible f ~ oo is homotopic to the constant map
with value co. This constant map can be extended to NN easily so the
proof is finished by the next theorem.

O

DEFINITION 7.8 (Manifolds with corners). Manifolds with ccrneres are mod-
elled on (R_)™, the rest is “the same” with a couple of remarks. Unlike for man-
ifolds with boundary, manifolds with corners are closed under products. That is
why the manifold N from the proof of Thom’s theorem is a manifold with corners.
There are also certain disadvantages: e.g. tangent vectors are not represented even
by one-sided curves. More seriously, the boundary of a manifold with corners is not
a manifold

THEOREM 7.9. Let N be a compact manifold with corners. Then ON —— N
has a homotopy lifting property.

PrOOF. Let X be an inward pointing vector field on N with no zeroes on ON.
Locally this is easy X = (—1,...,—1) on (R_)™, to get X globally glue the local
ones by the partition of unity. The flow of X is defined on

FI* :R, x N > N
Restrict to N to get ¢ : Ry x ON — N. Observe that ¢ is injective: if ¢(t,z) =
o(t',x') with t < ¢’ then FI*(¢' — t,2) = 2’ which is impossible as X is pointing
inwards. Also im ¢ is an open neighbourhood of N. This is easily seen in a chart.
picture
The neighbourhood of N homeomorphic to Ry x9N is called a collar (if N only
had a boundary then even diffeomorphic). Start with f : ({0} x N)U(IxIN) — X.
Using a retraction I x Ry — ({0} x Ry) U (I x {0}) we can extend f to a map
({0} x N)u(I x (Ry xdN))
—_———
the collar of ON

Now choose A : Ry — I such that A(0) = 1 and supp A is compact and put
f//(t’ CE) = f/(p(x) -t x)
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where p: N — [ is a function defined by
plr, xan = Aopri

PIN—(®,xon) = A00

7.1. Possible modifications of the Thom’s theorem

e Get rid of the “in M” setting to classify manifolds of dimension d up to an
abstract cobordism. For that we need a manifold where all d-dimensional
manifolds embed and similarly for their cobordisms. $2%+2 will do but we
need further tools, namely the relative embedding theorem.

e Replace Th(vx,q) by the Thom space of a universal vector bundle for
vector bundles with a structure. Examples of these are:

— Th(9%.q4) to get cobordism classes of submanifolds B C M with an
orientation of the normal bundle. It M was oriented this is equivalent
to an orientation of B. Here 4, 4 is a pullback of the universal as in
the diagram

Vi,d — Vk,d

[© ]

Gia— Grd
with é;“d — G},q the double covering obtained by considering the
d-dimensional subspaces of R¥ together with an orientation. For (N}k,d
we have

~ ~ [isomorphism classes of ori-
(M, Giy.a] = {ented vector bundles over M }

— 84 = Th(R? — %) to get cobordism classes of submanifolds with (a
cobordism class of) a trivialization of the normal bundle. This is
because the pullback

E——R?

J_l
M — %

provides a trivialization of the vector bundle E =2 M x R?. In partic-
ular [M™, S™] is in bijection with finite subsets of M with orientations
of the tangent spaces at the points. Is M is oriented this is equivalent
to a sign. Two such subsets of a connected manifold M are cobordant
iff the total signs agree (if M is oriented) or if the number of points
agree mod 2 (if M is non-orientable). This identifies

Z M oriented
Z/2 M non-orientable

Serious HW: fill in details.
— complex, symplectic structures

a7, 57 =






CHAPTER 8

Index of a vector field

The idea behind the index is roughly the same as with degrees: if X € T'(T' M)
we count zeros of X with appropriate signs.

More generally we define an intersection number. Let M, N be smooth man-
ifolds with M closed and j : A——— N a closed submanifold with m + a = n,
i.e. dim M = codimj. Assume that f : M — N is transverse to A. Then f~1(A)
is a discrete subset of M, hence finite. If we also assume that M, N and A are
oriented then for x € f~!(A) we can say whether the composition

f* .
(81) TIM — Tf(w)N —» Tf(x)N/Tf(m)A = V(])f(ac)
— @
preserves or reverses orientation and put #,(f, A) = £1 accordingly. This is be-
cause v(j) inherits orientation from N and A. Namely, if (e1,...,€q,€a41,--,€n)
is positive in Ty, N and (eq,...,e,) is positive in Ty() A then ([eqy1], ..., [en]) is

positive in v(j) (). We define the intersection number #(f, A) of f with A to be
> #a(f. A)
zef~1(A)
REMARK. If A = {y} with its canonical orientation then #(f, A) = deg(f,y).

THEOREM 8.1. If fo, f1: M — N are two homotopic maps, both transverse to

A then #(fo, A) = #(f1, A).

PROOF. Make the homotopy transverse to A and take f~!(A), a union of
intervals and circles. For the intervals compare the local intersection numbers at
the two boundary points. O

Therefore the intersection number provides a map

#(—,A)
_—_

[M, N] Z

given by first approximating a map by one transverse to A and then taking the
intersection number.

DEFINITION 8.2. Let X € I'(T M) be a vector field and assume that X h M
(M C TM as the zero section). The index Ind X of X is defined to be #(X, M)
(under the assumption that M is oriented).

COROLLARY 8.3. If Xy, X1 are any two vector fields with Xo d M, X1 th M
then #(XOaM) = #(X17M)

PROOF. The required homotopy Xy ~ X is given by (1 — )Xo + tX;. a

41
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We denote the local index at z € X ~1(0) by Ind, X. To compute it we choose
a coordinate chart around x and write X in this chart

X:U—-UxR™
Composing with the projection
fU 22U xR 2R

the local index is precisely the degree of this composition Ind, X = deg,(f) as
the differential df(x) equals the composition (8.1) defining the local intersection
number.

Observe that by changing the orientation of U we correspondingly change the
orientation of R™ and thus the index Ind, X does not depend on the orientation.

As sections transverse to a subbundle exist by the bundle version of the transver-
sality theorem the index Ind X depends only on M (only if M is closed!) and we
denote it from now on by x(M) as we will prove shortly that it equals the Eu-
ler characteristics of M. First we describe x(M) as a (unique) obstruction to the
existence of a nonvanishing (nowhere zero) vector field: obviously if there exists
X € T(T'M) nowhere zero then x(M) = 0 as there are no intersections to count.

THEOREM 8.4. Let M be a connected closed* manifold. If x(M) = 0 then there
erists a nonvanishing vector field on M.

PRrROOF. We will give the proof in several steps.
Step I. “reduce to a local problem”: Let X € I'(T'M) be any section transverse
to M and let X ~1(0) = {x1,...,2x}. We choose a coordinate disc D and move the

points x; inside D one by one. There is a diffeomorphism ¢; : M =M sending
x1 into D. In the next step we use a compactly supported? diffeomorphism

p2: M —{p1(01)} — M~ {1(21)}
sending zo into D. Having a compact support, @2 extends to a diffeomorphism
o M =M
preserving o1(x1). The composition
Y =PLO- 01
is a diffeomorphism of M mapping X ~1(0) into D. Therefore

Y=p,0Xo0p ' M ——TM
o

X
M —TM

satisfies Y 71(0) C D and we reduced to a local problem.
Step II. “reduce index of Y to a degree”: In a chart we consider

FiU—SR™  Y=(df):U—UxR™

IThis assumption cannot be removed. All noncompact manifolds possess a nonvanishing
vector field, as well as all manifolds with boundary.

Zsupp ¢ = {z | Y(z) # «}
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Recall that Ind,, X = deg,, f where z; € Y~'(0). For simplicity we put z; = 0.
Choose a small disc D; around z; not containing any other points of Y ~1(0). We
claim that for the map

g:90D; — S™1
f)

Y= 753

|f ()]
Indg Y = degg. This is because on D; we have a homotopy

fily) =1/t f(ty)

from df(0) to f and therefore the local indices are the same as well as the degrees
of the corresponding maps g. Now df(0) : D; — R™ is a restriction of a linear iso-
morphism and therefore homotopic through such to an orthogonal map (a “movie”
version of Gram-Schidt orthogonalization process). This homotopy applied to both
f and g reduces via homotopy invariance to the case when f itself is orthogonal
and thus ¢ = f|sp,. In this case deg, f = det f and as f preserves the outward
pointing vectors deg g = det f too®.

Step III. “putting everything together”: We have in a coordinate chart U a
disc D containing all the zeros {z1,...,zx} of a vector field Y and around each
x; a disc D;. We may assume that they are disjoint and contained in D. Putting
W=D - Ule D, the above map g can be extended to W

m— f(y)
. — S 1 —
g:W Y7 )

As g is smooth we know that deg g|sw = 0. By step II. we have

k k

> degglop, = » IndY = x(M) =0

i=1 =1
and this implies degglsp = 0. But we know (either from algebraic topology or
preferably from the homework) that

9D, 5™ -8, 7

IR

and hence glgp ~ *. Consequently g extends to a map
G:D — S§m1

As glop = glop ~ flap : 0D — R™ — {0} there is also an extension

f:D—R™— {0}
of flop (by the homotopy extension property of 9D — D) defining a new vector

field Y on D with no zeros. We can extend Y to the whole M by the original Y as
they agree on dD. Then Y is nowhere vanishing. |

3A basis (e, ...,em) in T(8D;) is positive iff (e1,ez,...,em) is positive in TD; where e; is
outward pointing. Applying the differential of g we obtain (f(e2),..., f(em)). As f(e1) is still
outward pointing this new basis has the same orientation in T'S™~1 as (f(e1), f(e2),.--, f(em))
has in TR™. In particular it is oriented iff f preserves orientation.
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8.1. Morse theory

Now we will identify x(M) with the Euler characteristics. We will consider
special vector fields arising from functions that will provide a cell decomposition.

A function f : M — R is called Morse if for all critical points € M (points
where df(x)) the second derivative at x

42/ ()
_

T.M @ T, M R

is a nondegenerate summetric bilinear form. Such critical points are called nonde-
generate. The index of f at a nondegenerate critical point z is the index of d?f(z),
i.e. the number of negative eigenvalues.

ASIDE. To define the second derivative we take the analytic approach. We
express d2f(z) in a chart. If ¢ : R™ — R™ is a local diffeomorphism sending y to
x then

P(fop)(y) == (*f(x)) - (de(y) @ de(y)) + df(z) - d*o(y)

In the case that df(x) = 0 the second term vanishes and the second derivative is
independent of the chart chosen to define it.

Geometrically let X,Y € T, M and extend then to local vector fields. Then
define

d*f(2)(X,Y) = X(Y(f)(z)
but one has to show independence of the extensions.
In general for maps f : M — R™ the second derivative is defined on

T.M @ T, M — cokerdf(x)

and to make d?f independent even of the charts on the target manifold (which is
not what we were after with Morse functions) we need to further restrict to

(kerdf(z)) ® (kerdf(z)) — cokerdf(x)

An equivalent condition for f to be Morse is that the differential df : M —
T*M is transverse to the zero section M: locally
df:U — U xR™
T = (x7aw1f7 A )8177Lf)

and the nondegeneracy of z translates to d(pre o df)(z) being an isomorphism,
which is just the transversality. We will prove later that such functions exist and
even such that f(x;) # f(z;) for different critical points z; # z;.

a picture of a torus with the height function

From the Taylor expansion near a nondegenerate critical point 0

f(y) = f(0) +1/2-d%£(0)(y ® y) + the remainder

In fact we can ignore the remainder completely by choosing a good coordinate chart
around z, the so-called Morse chart.

THEOREM 8.5 (Morse’s Lemma). Let x € M be a nondegenerate critical point
of index © then there is a chart ¢ around x in which

(Foo™ Wi vym)=f@) =y — =y + Yyl + -+ Y2
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REMARK. This means that f is 2-determined at z: for any function agreeing
with f up to derivatives of order 2 at x there is a diffeomorphism relating the two
functions

U

IS
Jg | = R
57

This is because f must be Morse too and the Morse charts for f and f combine to
produce the diffeomorphism g. Another point of view is that r-determined functions
are polynomial (but not vice versa), for they agree with their Taylor polynomial
and hence they only differ by a coordinate change.

ProoOF. Take any chart ¢ : M — R™ around z with ¢(z) = 0 and write

(fov™ W) =F2) + T3 (fov )W)y @)
The map T¢(f oyp™1) : U — homgym (R™ @ R™, R) is smooth and at 0

T3(fow™)(0) =1/2-d*(f o™ 1)(0)
is nondegenerate, thus nondegenerate for all y near 0. For such y one can find a
linear transformation @), such that

T3 (fod™")(y) o (Qy @ Qy)
is A= <_§Jz E}S_z) Setting y = Qyz or z = Q;ly

TF(fod Wy ©y) = Az © 2)
Then n: y — Q;ly transforms f into the wanted form
R {\w
M
l NG
—F R

z—f(2)+A(2®2)

Rm

Assuming for a bit that @ is smooth we compute
dn(0)(v) = Qv = dn(0) =Q," invertible

Hence we are left with the smoothness of ). Let us fix a definite choice of Qg in the
form of a product of matrices corresponding to elementary column operations. The
entries of each of these matrices is a rational function of the entries of d?(foty)=1)(0).
Therefore in a neighbourhood of 0 one can use the same functions to get Q,. O

Let us call a Riemannian metric g on M compatible with f if there exists a
Morse chart around each critical point (a chart from the Sard’s lemma) in which g
is the standard metric.

LEMMA 8.6. Let f be a Morse function on M. Then there exists a Riemannian
metric compatible with f.

PROOF. Glue local Riemannian metrics as usual and use compatible local met-
rics near every critical point. [
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A gradient vector field grad f of f is a vector field dual (with respect to the
metric) to df, i.e.

df(X) = (grad f, X) vX eTlTM

As grad f corresponds to df under the isomorphism TM = T*M and df h M so
is grad f h M. Thus we can use the gradient vector field for computing x(M).
Before doing so we first describe how M is built in steps, a process controlled by
the Morse function f. On the complement of the critical set in addition to grad f
we also consider

_grad f

~ |grad f]
Its main property is that f increases linearly along its flowlines

d
dt|,_

F(FI () = X f(FI (2)) = df (X (FIi () = (grad f, X (FIj; (2))) = 1

to
Therefore f(F1;*(z)) = f(z) 4 t. This proves the following theorem

THEOREM 8.7. If a < b are such that there is no critical value in [a,b] then
f7 a, b = f7(a) x [a,b]

in a strong sense. Namely the following diagram commutes

(x,t) f~H(a) x [a, b] .
J T
FIZ, () fa, 0] /f
picture
PROOF. The inverse is given by y — (FI;(,y (1), f(y))- 0

The outstanding question is: what happens to the level surface f~!(c) when
passing though a critical level? picture of a cell and the deformation

THEOREM 8.8. Let a < b be two reqular values of f such that there is precisely
one critical point in f~'[a,b], say of index i. Then there is a i-cell

D' a, )
with p(0D") C f~(a) such that f~'[a,b] deformation retracts onto f~'(a) U, D"

ProoF. The (idea of the) proof was summarized in a picture which I am unable
to draw in TeX. O

Now we will finish the determination of x(M). For our Morse function f with
all critical points in distinct levels we choose ag, . . ., ar € R such that for the critical
points z1,...,xx: f(x;) € (a;—1,a;). Let ij be the index of z; and abbreviate

M; = [~ (—00,q;)
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so that My = 0 and M), = M. picture We showed in the last theorem that
M = My, ~ My_1 UD%

Mj ~ Mj—l @] D’LJ

M, ~ D"
(and 43 =0, i, = m).
REMARK. This implies that M is homotopy equivalent to a CW-complex with

cells of dimensions i1, . .., i;. For the above homotopy equivalences can be expressed
in saying that

gij—1 fi M,

J

D —— M,

is a homotopy pushout. By induction M;_; is homotopy equivalent to a CW-
complex X;_; with cells of dimensions 41,...,%;—1. The homotopy invariance of
the homotopy pushout together with a homotopy of f; to a cellular map f] gives
M; ~ X4 Uy, D = X;. Now X, is a CW-complex as the D' is glued to the
(i; — 1)-skeleton.

In the proceeding we will only need a weaker version. We denote the usual
(homological) Euler characteristics by

m

Xn(M) =" (=1) dim H;(M)
7=0
PROPOSITION 8.9. With the notation from above xp(M) = Z?Zl(—l)j,

PROOF. Denoting the inclusion S%~! — M;_; by f; let us consider the map-
ping cylinder My, of f;. Obviously My, ~ M;_; and contains a copy of S%~1 and
we form a long exact reduced homology sequence of the pair (My,,S%~1):

oy Hy (S5 1) —— Hy(My,) —— Hy(My, /S5 —— -
As My, ~ M;_1 and My, /S84t ~ M; for the Euler characteristics we get

(Xn(Mj—1) —1) = (=1)" " + (xn(M;) — 1)

or in other words xn(M;) = xn(M;—1) + (—1)%. By induction and M = My,
Xn(Mp) = 0 we obtain the result. O

To identify x (M) with x, (M) we only need

PROPOSITION 8.10. The index of the vector field grad f at x; equals (—1)%.
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PRrROOF. Locally in the Morse chart (with z; = 0)
f(yaz) :f(xj) - ‘y|2+ |Z‘2 (y,Z) ERij X R™

Then (grad f)(y, z) = (—2y,2z) and Indg grad f = (—1)% as the sign of the deter-
minant of grad f. (]



CHAPTER 9

Function spaces

To proceed further we need to topologize the set C°°(M, N) of smooth maps
between manifolds M, N. This topology should reflect all the differentiable qualities
of maps: then maps transverse to a closed submanifold A C N will form an open
subset as transversality is an open condition on the first derivative. It would not
be open if only the values of maps were considered. Similarly Morse functions are
defined by conditions on the first and second derivative.

To get hold of smooth maps and in particular to their derivatives, we need to
describe these geometrically. Namely we define J"(M, N) to be the set (of r-jets of
maps M — N) of equivalence classes of pairs (z, f) wherex € M and f: U — N
a smooth map defined on a neighbourhood U of x. The equivalence relation is:
(¢, f) ~ (2, f") iff @ = 2’ and f agrees with f’ at x = 2’ up to derivatives of
order r (expressed in but independent of charts around x and f(z)). We denote
[(z, f)] = jrf. The point z is called the source and f(z) the target of the jet j7 f.
In this way we obtain the map

JTM,N) 2T Mo« N

and denote J'(M,N) = o~ 1(z), the jets with source z. Locally for open sets
UCR™ VCR"®

J'(U,V) = U x V x [ ] homeym (R™)®*, R™)
k=1
The factor U corresponds to the source, V' to the target and homsym((Rm)®k,R")
to the k-th derivative. The canonical identification is therefore

Juf = (z, f(2),df(2),....d"f(x))

(and the inverse map could be realized by polynomials as there is exactly one
polynomial or degree at most r with prescribed value and derivatives up to order r
at a given point x). Varying these over charts on M and N we obtain an atlas on
J"(M, N) and in fact a bundle structure' on
JT(M,N) 77 M x N

We will need later the composition of jets: we define jy fojzg := jo(f og) provided
that y = g(z). One needs to check that this is well-defined and therefore provides
a canonical map

J"(N,P) xn J"(M,N) — J"(M,P)

IMoreover the chain J"(M,N) — --- — JY(M,N) — Jo(M,N) = M x N consists of affine
bundles.

49
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which is moreover smooth?. Another important tool is the jet prolongation
j": CT(M,N) — C°(M,J"(M,N))
fre (=g f)=7J"f
In fact j"f is a section of the bundle ¢ : J"(M,N) — M and captures all the
derivatives of f. It is good for inducing topology on C"(M, N) once we say what
the right topology on C°(M,N) is. In fact it turns out to be equally easy to
topologize the set of continuous sections, the situation we would like to consider
anyway.
For this part let X be a topological space and p : Y — X a space over X, one
may think of it as a bundle. We would like to describe a convenient topology on
the set I'(Y) of continuous sections of p : Y — X. If X is compact Hausdorff and

Y metric (in fact one only needs metric on each fibre) then I'(Y") could be equipped
with a metric

d(f,g9) = glggd(f(x),g(x))

In the case of the product projection X x Z — X we use the notation C(X, 2)
instead of I'(X x Z) (which does not tell what the map p is).

LEMMA 9.1. The topology induced by the above metric on I'(Y') is generated by
the open sets

OW)={f eT(Y) | the image of f lies in W}
with W CY warying over all open subsets>.

PRrROOF. Let ¢ € T'(Y) and € > 0. Defining W as {y | d(y,9(p(y))) < e}
we easily verify O(W) = B.(g). On the other hand for ¢ € O(W) we take ¢ =
infygw d(y, 9(p(y))) and verify that ¢ > 0: this is because ¢ > d(Y — W, g(X)) > 0.
Clearly B.(g) C O(W). O

This topology behaves nicely (with respect to composition, evaluation, etc.). Tt
extends to noncompact spaces in two ways
e the strong topology I's(Y) is generated again by sets O(W) as W C Y
varies over all open subsets. Alternatively for X paracompact and Y
metric we can exhaust a neighbourhood basis of a fixed g via sets of the
form
N(g,e) ={f e T(Y) | d(f(x),g(x)) <e(x)}
with e ranging over all positive functions X — (0,00). To verify this we
are required to find for every open neighbourhood W of the image of g a
positive function e such that

{lyeY |dy,g9(p(y)) <elp(y)} W

Choose for each z € X some &, > 0 such that Ba._(g(z)) C W. Then for
z €U, =g 'B., (g(x)) we have B, (g(z)) € W. Let A\, be a partition

of unity subordinate to (U,). Then the required ¢ is € = Yy Az

2Locally one takes two polynomials of degree r and then substitutes one into the other,
truncating the part of degree bigger then r. The coefficients of the result are smooth functions of
the coefficients of the original polynomials.

3Typically neighbourhoods of the image of a fixed section g : X — Y. In this case the set of
all such O(W) provide a neighbourhood basis of g.
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e the weak topology 'y (Y) is generated by resy' O(W) where K is a com-
pact subset of X and W an open subset of Y|x = p~!(K). Here

resg : T(Y) = T'(Y]|k)
is the restriction map. The weak topology is usually referred to as the
compact-open topology.

Homework: show that a sequence (f;) in Cs(M, N) converges iff f; are eventu-
ally constant outside of some compact subset of M where it converges uniformly.

REMARK. Another point of view on the weak topology is as the limit topology
C(X,Y) = lim C(K,Y)
KCX

which is necessary (if one wants to have a categorically well-behaved internal hom
functor) at least on the category of compactly generated Hausdorff spaces:

X compactly generated <= X = colim K
KCX

What we are describing here is an extension of C(—,Y") from the category of com-
pact Hausdorff spaces to its closure CGHaus under colimits in the category of all
Hausdorff spaces. Again Cy (—, —) turns CGHaus into a cartesian closed category,
a very useful property.

For the purpouses of differential topology the strong topology is better, we will
therefore restrict ourselves just to that and drop the index “S”. We can now use
the map

jr:C"(M,N) — T'(J'(M,N))
to induce topology from the right hand side, i.e. endow C" (M, N') with the subspace
topology. The topology on C°°(M, N) is defined as a limit (intersection)

C°(M,N) =1lim C"(M, N)

In concrete terms, the neighbourhood basis of g € C°°(M, N) consists of (the
intersections with C°°(M, N) of) the neighbourhoods of g in C"(M,N), r > 0.
Alternatively one can define

J>®(M,N) =lim J" (M, N)

together with j*° : C*°(M,N) — I'(J*°(M, N)) and induce the topology from there
(which is the best way). The most useful property of C°°(M, N) happens to be
that it satisfies the Baire property.

DEFINITION 9.2. A subset of a topological space X is called residual if it
contains a countable intersection of open dense subsets of X. A topological space
X is called Baire if every residual subset is dense.

Recall that every complete metric space is Baire. We will now generalize this
significantly. Let Y — X be a space over X with Y equipped with a metric. A
subset Q C T'(Y) is called uniformly closed if it contains the limit of any uniformly
convergent sequence in Q).

ProroSITION 9.3. If X is paracompact and Y complete metric then any uni-
formly closed Q@ CT(Y) is Baire (in the strong topology).
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REMARK. By taking X = % and Q@ = C(x,Y) = Y we deduce that every
complete metric space is Baire.

PROOF. Let U C @ be a nonempty open subset and (U;) a sequence of open
dense subsets of Q. We must show that U N (2, U; # 0. To achieve this we
inductively construct a sequence of sections f; € @ together with positive functions
g; : M — (0,00) in such a way that g <1,¢&; <1/2-g;,_; and

QNN(fi,2e) CUNN(fiz1,€i-1)

This is possible because U; being open dense must intersect N(f;—1,6,-1) in a
nonempty open subset. Choosing any f; from this intersection ¢; is guaranteed by
the fact that N(f;,¢) form a neighbourhood basis of f; (as X is paracompact). By
our choice the distance d(f;(z), f;(z)), i < j, is uniformly bounded by ¢; < 27%.
Hence (f;) converges uniformly (as Y is complete) and the limit f = lim f; € Q.
Finally, for j >4, f; € N(fi,e;) and thus

f€QNN(fi,es) CQNN(fi,2¢0) CU;
O

We are trying to complete the proof of the space C"(M, N) being Baire. First
we find a complete metric on every smooth manifold, in particular on J" (M, N).

LEMMA 9.4. Let M be a manifold. Then there exists a proper function f :
M — R+.

PROOF. By definition f is proper if f~1(K) is compact for all K compact.
Recall the decomposition of M into a union

M:Gm
=0

of compact subsets K; with K; lying in the interior of K;;,. Take L; = K; —K,;_o
and consider its corresponding partition of unity A;. Then f = Zf; A; - % is the
required proper function - outside of K;, f(x) > 4, thus f=1[0,4] C K;. O

THEOREM 9.5. Every smooth manifold admits a complete metric.
PROOF. Let d: M x M — R, be any metric on M. Define
d'(z,y) = d(z,y) + |f(z) = f(y)|

where f is any proper function on M. Easily d’ is a metric and for the corresponing
balls around z, B.(z) C B.(z). On the other hand Bl(z) = {y | d'(z,y) < €} is
open (with respect to the usual topology) and so the topologies induced by d and
d' coincide. It remains to show that the metric d’ is complete. Hence let (z;) be
a sequence which is Cauchy with respect to d’. Then f(z;) is necessarily bounded,
say by L, and therefore {x;} C f71[0, L], a compact set. Consequently (x;) has a
limit point and converges. ]

REMARK. This metric satisfies an additional property: the closed balls in this
metric are all compact. This is because By (z) C f~1[0, f(x) + L].

The last piece of the puzzle is the following proposition
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PROPOSITION 9.6. The image of
j :C"(M,N) —=T(J'(M,N))
is uniformly closed. In particular it is a Baire space.

PROOF. Let (j”f;) be a uniformly convergent sequence, converging to g : M —
J"(M,N). Then we claim that g = j"(7 o g). This is a local problem where this
means that when all the derivatives d*f;, k = 0,...,r, converge uniformly to g*
then g = d*¢°, a well-known fact. O

Observe that the proof also works for r = co. We will state this as a theorem
THEOREM 9.7. The space C*°(M, N) is Baire.

PROOF. As noted before the statement it only remains to show that J*° (M, N)
admits a complete metric. By definition as a limit there is an inclusion

oo
J(M,N) C [] 7" (M, N)

r=0
as a susbet of compatible jets. This subset is clearly closed and thus the proof
is finished by refering to the standard fact that a countable product of complete
metric spaces has a complete metric. If the complete metrics on the factors are d;
with d; < 27% (which can be achieved by replacing d; by max{2~% d;}) then the
metric on the product is e.g.

Now we discuss certain naturality properties. From the diagram
C*®(M,N) ——=T(J>®(M,N))
|
" }a
4
C>(M,P)——T(J>®(M,P))
the map f, on the left is continuous. It is not the case that ¢g* is continuous (unless
g is proper).
THEOREM 9.8. The canonical map
jr:C®°(M,N) — C®(M,J"(M,N))
is an embedding of a subspace.

PROOF. There is a retraction 7, : C*°(M, J"(M,N)) — C*(M, N), induced
by the target map. What we are left with is the continuity of

-7

C(M, N) = C=(M, J"(M, N)) = D(J*(M, J"(M, N)))
This composition can be also written as
-r4s
C®(M,N) L— T(J"(M,N)) == T(J*(M, J" (M, N)))

where a, is induced by the canonical map « : J""5(M,N) — J*(M,J"(M,N))
sending 527 f to j2(4" f) once one checks this to be independent of the representing
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map f (within the maps with the same (r 4 s)-jet at x) and also smooth. Both
facts are easily verified using polynomials. ([

We can now make certain statements involving “close” maps and “small” ho-
motopies precise. Let f : M — N be a smooth map and A C N a submanifold.
We say that f is transverse to A on K C A if f is transverse to A at each point

r € fHK).

PROPOSITION 9.9. Let M, N be smooth manifolds and A C N a submanifold.
Let K C A be a compact subset (or more generally K closed in N ). Then the set

X={f:M—>N|fMhAonK}
is open in C°(M,N).

PRrOOF. Clearly transversality is a condition on a 1-jet of f (i.e. condition on
the values and the first derivatives). Therefore we consider J!(M, N) and its subset
of jets fulfilling our condition

W ={j,f | f(x) ¢ K or fu(ToM)+ Ty A=Tsu)N}

Then the set X from the statement can be also described as X = (j1)~1(O(W))
with
j' C*(M,N) — T(J(M,N))

It suffices to show that W is open as then X will be one of the generating open sets
in C*° (M, N). As openness is a local property we can work in one of the charts on
JY(M,N), i.e. reduce to the case

W CR™ x R" x hom(R™,R"™)

with A corresponding to a linear subspace R* C R™® and K C R* a closed subset.
Then W is defined by the requirement: either the component in R” lies in the
complement of K or the component in hom(R™ R™) when composed with the
projection R® — R™/R* is surjective, a union of two open subsets. O

COROLLARY 9.10. Let M, N be smooth manifolds and A C J"(M,N) a sub-
manifold. Let K C A be a compact subset (or more generally K closed in J" (M, N) ).
Then the set

X={fM—>N|jfhAonK}
is open in C°(M,N).

PROOF. One reduces to the previous proposition via the canonical continuous
map j" : C®°(M,N) — C>(M,J"(M,N)). |

The situation of the previous corollary is called a jet transversality. A lot of
situations we were studying can be described by jet transversality.

EXAMPLE 9.11. We saw that a smooth function f : M — R is Morse iff
df : M — T*M is transverse to the zero section. It is not hard to identify J*(M,R)
with R x T*M and under this identification j!f : M — J*(M,R) becomes (f,df).
Thus a function f is Morse iff j1 f h R x M with Rx M C J'(M,R) as the subset of
all jets (at various points) of all constant functions. In particular Morse functions
form an open subset of C*° (M, R).
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ExXAMPLE 9.12. A map f : M — N between two smooth manifolds is an
immersion iff j'f does not meet the subset of J!(M, N) of the non-immersive jets.
Locally

JHR™ R™) 2 R™ x R™ x hom(R™, R™
and f is an immersion iff 5 f misses all R™ x R™ x hom,.(R™,R) for the rank < m.
We computed earlier that each hom, (R™, R™) is a submanifold of hom(R™, R™) with
the lowest codimension n — m + 1 for r = m — 1. Therefore when n > 2m this
condition is equivalent to jet transversality (in this case with respect to a finite
number of submanifolds).

The main theorem on jet transversality is the following.

THEOREM 9.13 ((Thom’s) Jet Transversality Theorem). Let M, N be smooth
manifolds, ON =0, and A C J" (M, N) a submanifold. Then the set

X={f M= N|jfhA}
is residual in C°(M, N). It is moreover open provided that A is closed (as a subset).

ProOF. We cover A by a countable number of compact subsets A; with the
following properties.

e o(A;) lies in a coordinate chart R™ = U; on M.
e 7(A4;) lies in a coordinate chart R” = V; on N.

We will show that each of the sets
Xi={f:M—>N|jfhAon 4;}

is open dense. The openness part was proved in Corollary 9.10 so we are left with
the density.

We identify U; with R™ and V; with R™ using the charts (and thus reduce to a
local problem). Let fo: M — N be a smooth map, we will find an arbitrarily close
map which is transverse to A on A;. First we denote W; = U; N f(;l(Vi) C R™ the
open subset where fy can be written in the charts U; and V;. Let A : W; — R,
be a function with compact support and which equals 1 on a neighbourhood Z; of
o(A;) N fy H(1(A;)). Consider the following family of smooth maps W; — R™

F:J ®R™R") x W; — R"
(op, ) — fo(x) + A(z) - p(x)

Here p is the unique polynomial representative of the jet in question. Since A
is compactly supported we can extend this family to a globally defined one, still
denoted by F

F:JR™"R"YxM— N
For each o € JJ(R™,R™) take the r-jet of F,, to obtain a map
G: JJR™R"Yx M — J"(M,N)

Our goal is to show that G h A on a neighbourhood of A; so that we can apply
the parametric transversality theorem to conclude that there is a sequence (ay) in
J5 (M, N) converging to 0 so that each G, M A on A;. This will finish the proof
of density of X; as limy_.oo Fl, = fo in* C°°(M, N). To achieve this observe that

4This is because the association o — F is continuous. This on the other hand follows from
the fact that the family F' is constant outside of a compact set.
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on Z; we can express G in the charts and, as A = 1 there,
G(iop: =) = jr(fo +p)

Thus G is in fact submersive on J§(R™,R™) x Z;. Now fo(0(A4;) — Z;) is a compact
subset disjoint with 7(A;). Therefore even for o € J§(R™, R™) small the same will
be true® for F,,. As for such o, G;*(A4;) is a subset of o(4;) disjoint with Z; and the
transversality holds on Z; the restricted map G is transverse to A on A;. If we start
instead of A; with its compact neighbourhood B; C A (still with o(B;) C U; and
7(B;) CV;) we get that the (now even more) restricted map G is even transverse
to A on B; and in particular on the interior of B; - a manifold. Therefore we can
invoke the parametric transversality theorem to conclude the proof. ([

Therefore Morse functions form a residual subset of C*° (M, R) and, for n > 2m,
so do the immersions in C*° (M, N).

Next we discuss a relative version of the jet transversality theorem. Let FF C M
be a closed subset and sg : F' — J"(M, N) a section of the jet bundle over F. Then
clearly

{se(J'(M,N)) | s|lr =so0}
is a uniformly closed subset (observe that this works even for r = o0). Therefore
the corresponding subspace

C*(M,N)s, ={f € C*(M,N) | j"flr = 50}
is a Baire space. We then obtain the following generalization of Theorem 9.13:

THEOREM 9.14. Let M, N be smooth manifolds, ON = (), A C J"(M,N) a
submanifold and sg : B — J"(M, N) a smooth section over some fized closed (as a
subset) submanifold B C M for which so \ A. Then the set

X ={feC®M,N), | j"fth A}

is residual in C°°(M,N)s,. It is moreover open provided that A is closed (as a
subset).

PROOF. First note that when o(A) € M — B this is proved by the same
argument as Theorem 9.13. Then write M — B as a countable union of compact
subsets K; and denote A; = ANo~1(K;) and correspondingly

X;={feC®WM,N)s, | j"f h Aon A}
Clearly X = (X, while each of the terms is residual (in fact open dense). O

COROLLARY 9.15. Let M be a smooth manifold and B C M a closed (as a
subset) submanifold. Then every immersion f: B — R™ extends to an immersion
M — R™ provided n > 2m.

PROOF. Suppose first that f extends to a smooth map f : M — R™ which is an
immersion near B. Then the last theorem applies to so = (j1f)|s to conclude that
the set X of immersions M — R” is residual in a nonempty space C°(M,R"™),, (it
contains f). In particular X itself is nonempty.

S0

5As a +— F, is continuous this follows from the openness of the corresponding subset
O(M x (N —71(A))U (M — (6(A;) — Z;)) x N) in CO(M,N) =T'(M x N — M).



9. FUNCTION SPACES 57

Thus it remains to find an extension f . We assume here that B has codimen-
sion 0, the only case we will need later®. Then f extends locally at each point of 0B
and hence to a neighhbourhood of 0B in M by the means of the partition of unity.
The required extension to M, automatically an immersion near B, is guaranteed
by the contractibility of R™. |

To describe injective immersions (and later embeddings) in a way similar to
immersions we need a notion of a multijet. A multijet is a number of jets with
different sources. More formally denote by M*) the subset of the cartesian power
MPF of pairwise distinct k-tuples. We define

Ji (M, N) = (J" (M, N))*| e

An element of J,"(M, N) is called a multijet. Again we have a multijet prolongation
7
map

G C®(M,N) — C=(M®  J,"(M,N))

THEOREM 9.16 (Multijet Transversality Theorem). Let M, N be smooth man-
ifolds, ON =0, and A C J,"(M,N) a submanifold. Then the set

X={f:M—N|j"fthA}
is residual in C°(M,N).

ProOF. The proof follows that of Theorem 9.13 with the following modifica-
tions: we require o(4;) to be contained in a product U} x - - - x UF of disjoint charts
on M. Then in the density part we embed simlarly fy into a family of maps

F:(JJR™ R x M — N
and proceed analogously.® O

EXAMPLE 9.17 (injective maps). Let A C J,°(M,N) = M®) x N? consists
exactly of those (1,22, y1,y2) With y; = yo. Then f is injective iff j,°f misses A.
The codimension of A is precisely n and thus for n > 2m, f is injective iff j,° f M A.
In particular the set of injective maps is residual in these dimensions. Combining
with the result for immersions, injective immersions are residual for n > 2m. To
solve the problem for embeddings note that f : M — N is an embedding as a closed
submanifold of N iff f is a proper injective immersion. We will prove that proper
maps form an open subset. Then the existence of embeddings of any manifold M™
into R2™+! follows from the previous.

Let N be equipped with a complete metric with compact balls (like the one
constructed in Theorem 9.5) and g : M — N be a proper map. Then

{f: M — N[ d(f(x),g(x)) <1}

is clearly an open neighbourhood of g and for any f in this set
FH(BL) € g7 (Breay))

6In the general case one assumes some nice position of B in M. This means that either B
lies in the interior of M or in the boundary or is a neat submanifold. In any case one extends f
to a tubular neighbourhood by a vector bundle argument which is left as a HW.

7A serious homework: explain why j," is NOT continuous.

8A proof of openness should go as follows: the map
(7)* €% (M, N) — C%(M", (J" (M, N))*)

is continuous and X; is a preimage of an open subset.



58 9. FUNCTION SPACES

a compact subset.

EXAMPLE 9.18 (special Morse functions). Let A C J,'(M,R) consist precisely
of the pairs (j, f,jz,f) with both @1 and z; critical points of f and with f(z1) =
f(x3). The codimension of A is 2m + 1 and therefore a function f satisfies j,!f
A iff all the critical points are in different levels and the set of such is residual.
Together with the residuality of the set of Morse functions, the same holds for
these special Morse functions.

In fact special Morse functions are also stable: any function close to a special
Morse function f in C°°(M,R) is equivalent to f (i.e. there are diffeomorphisms of
M and R relating the two functions).

Injective immersions are also stable. To get a stable version of immersions one
needs to restrict only to immersions with normal crossings picture.

The relative version of the multijet transversality theorem is hard even to state
so we content ourselves with the case of injective immersions. Let M be a compact
manifold with boundary and sg : 9M — N an injective smooth map.

THEOREM 9.19. Assuming that n > 2m the set
X={feC®M,N)s, | [ is injective}
is residual in C°(M, N)s,-

Proor. Filling M — OM by a countable number of compact subsets K; we
again form

X, ={f€C®(M,N)s, | fis injective on IM U K}

Obvously X = [ X;. By an easy modification of the proof of Theorem 9.16 we now
prove that each X; is residual (or even open dense). We make sure that none of the
charts used on M meets both M and K;. We then have three possibilities on the
pair U}, UZ: if both miss M then we use the same argument, if both hit M then
fo does not need to be perturbed and in the mixed case we create a family only
indexed by a single copy of J"(R™,R™) which is still transverse to the diagonal. [

COROLLARY 9.20. The forgetful map

the  cobordism  classes of closed . the cobordism classes of closed
m-dimensional submanifolds of S*™+2 m-dimensional manifolds

is a bijection.

ProOF. The surjectivity was proved already in Theorem 2.12. To prove injec-
tivity let W be a cobordism between two m-dimensional submanifolds My, M; of
S§2m+2 which we think of as an embedding ¢ : 9W ——— (I x S?™*+2). Removing a
point from S?™*2 not contained in My U M; we can replace S22 by R?™*2. We
extend the embedding ¢ to a neat embedding, also denoted by ¢, of a collar V' of OW
in an obvious way. Denoting by U a collar with U C V (e.g. the one corresponding
to [0,1) C Ry) we are then asked to extend an embedding

U —0W<——(0,1) x R#™+2
to W — OW. The extension is provided by Corollary 9.15 and Theorem 9.19. O
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COROLLARY 9.21. There is a natural bijection

o~ the cobordism classes of closed
md(Th(7.a)) {m—dz’mensz’onal manifolds

provided that d > m + 1 and k > m + d.

|
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